Jan, 7, 1964 U. V. HELAVA 3,116,555

PHOTOGRAMMETRIC PLOTTER

Filed Dec. 1, 1958 : 10 Sheets—Sheet 1
¥
) '_‘
o]
0

3\

‘ IMVENTOE
UUNO VILHO HELAVA



Jan. 7, 1964 .  U. V. HELAVA 3,116,555
‘ PHOTOGRAMMETRIC PLOTTER o
Filed Dec. 1, 1958 ‘ " 10 Sheets-Sheet 2

| E’“\Q I
RN l"'

N M

o]

I \ \
- 3

N 1o
™

24
(9J‘ 34
Q
(o]

———————
ﬁ
. 3

20
20a ‘l
29

G
~
30
2l
: KQO g 22a
] )

22

26
6
33— |8°

14

UUNO VYIiLHO HELAVA .

Br: W,%v%

RTToRNEYS



Jan. 7, 1964 | U. V. HELAVA 3,116,555
PHOTOGRAMMETRIC PLOTTER
Filed Dec. 1, 1958 10 Sheets-Sheet 3

=]
INMVEN TOR.
CUUNO VILHO //4_1_14 VA

8y

AT TORNEYS



Jan. 7, 1964

Filed Dec. 1,

U. V. HELAVA

PHOTOGRAMMETRIC PLOTTER

3,116,555

10 Sheets-Sheet 4

<] —

1958
- -
1 19.4-
63 ~63
70
32
62
[24 X
o |
62 r
37 65 N v
"-l B 63

VuUNo YiLHo

81 Lickrmam, M

HELRYR

¥ ke

BTTORNEYS



Jan. 7, 1964 U. V. HELAVA 3,116,555

PHOTOGRAMMETRIC PLOTTER

Filed Dec. 1, 1958 ~ : -~ 10 Sheets-Sheet 5
) ﬂ " ﬁl" .
. Bx (03 104 105, 77, 79, ‘
- . . 2 @ ? @ _.AX:
- 2 e
Y . r—@ @‘_' Wo [—=AY"
742 - N A2 AZ unit B2
Q| . Figh
75 Az 81 3
T Bx = o) .
2 @vl @ —>AX
@@@—f =
(80 %2 unit B1
pyl Az}
| ¥
|
toAQE 85
1

5Je3

tOAz

=] Az+Bz' ¢, _n

PL. LA N
B ©

SECTION A,

VUNO VILHO HELAYA

g . ﬂrToRﬂE Ys



Jan. 7, 1964 : U. V. HELAVA . 3,116,555

PHOTOGRAMMETRIC PLOTTER
Filed Dec. 1, 1958 10 Sheets-Sheet 6

G

Z e |-

UUNo vyiLKo HELARYA

. gy, A,.Z,‘M,I % b Lo

RTTORNEYS



Jan. 7, 1964  U.V.HELAVA 3,116,555
R ~ PHOTOGRAMMETRIC PLOTTER
Filed Dec. 1, 1958 R o 10 Sheets-Sheet 7

a8 g 10
VUNO VILHO HELAVA

8: Loohnan, % ¥ Lachman

"ATTORNEYS



Jan. 7, 1964 U. V. HELAVA - 3,116,555
PHOTOGRAMMETRIC PLOTTER o
Filed Dec. 1, 1958 o 10 Sheets-Sheet 8.

1

: ' , > X
91 N V’ PPx M :
+Y
© 201 | | e201
295 Principal
Principal | [202 233 | +x |e202 t/|point#17
Point #i6 > ’
203 204, 203 204,
[—1gl5.
+2%'9
P X
/" ‘\
e \\ :
’I | ’ Al
N
N o T
to \\\ ?d2 \‘ 0 Y
~ Ay
\\\ \
\\ » \\
\\d \\\
+40 [~ \
] N
I I g. I E : \‘\ \‘\
) AN . \‘
5 . \\\\ ‘\\
1 \O+7o
1

UUNo YILHO HELRYR

ot lkar Bty Lok

ATTORNEYS



3,116,555

U. V. HELAVA

PHOTOGRAMMETRIC PLOTTER

Jan. 7, 1964

10 Sheefs—Sheet 9

1958

1'

Filed Dec.

JAVENTOR

VUNO VI HO HELAVA

. €8 A

19 NOILD3S

if yig o1

BY

AT TORANEYS



Jan. 7, 1964 U. V. HELAVA 3,116,555
. PHOTOGRAMMETRIC PLOTTER B
Filed Dec. 1, 1958 10 Sheets-Sheet 10

D
O
. A
E 0 i -
o, s !
AN ’ ]
: ’\\ ,/ I| o
. s 4 1
\\ /7 . F 5
: \\ /, : ) ) I .17
f : \\' 4 ] f
~ 4 .
: \?( II R
L AN N , .
SR i ROZ -« SN « 1 L I
r : - // \\ ) ﬁ-‘;" ‘
,32" : // \\\\‘ :I . ¥
| b ' S N2t
1 : \\\
s

(S:A r4 n /23’

230 S

xn - '
(~— souare

301
/

) | SQUARE

VUNO VILWO  HELAVA

BY:MM, Mv%ﬁ

RTTornEYS

302



United States Patent O

3,116,555
Patented Jan. 7, 1864

1CC

1

3,116,555
PHOTOGRAMMETRIC PLOTTER
Uene Vilho Helava, Gttawa, Ontarie, Canada, assigner,
by mesne assignments, {o Canadian Patents and De-
velepment Limited, Gitawa, Ontario, Canada, a
company
Filed Dec. 1, 1958, Ser. No. 777,359
18 Claims. (ClL 33—28)

The present invention relates to a method and appara-
tus for photogrammetric mapping. This application is
a continuation-in-part of my copending epplication, Serial
No. 680,699, filed August 28, 1957, now abandoned.

It is well known that the most rapid method of survey-
ing large areas is to employ aenial photography. If a
large number of consecutive zerial photographs of the
region concerned are obtained, an approximate mosaic
map may be made up by joining them together. If the
scale, the orientation of the map, and the true position
of one point on the map are known, then the true posi-
tion of any cther point may be deduced.

This brief description gives some indication of the
methods employed in photogrammetry but it will be quite
clear that they suffer from a number of inherent difficul-
ties. The first of the problems is that aerial photographs
very seldom are identical to a plan view or orthogonal
projection of the earth beneath and a photograph is al-
most always produced having its plane tilted with respect
to the horizontal plane passing through the point ver-
tically beneath the camera. Whilst the aircraft attemipts
to maintain a fixed heading when taking a succession of
photographs, wind gusts and other variations will cause
the heading to vary from one photographing position to
the next and this in turn will lead to relative rotation of
the images in overlapping photographs. Any aircraft
height variations from image to image will produce a
variation in scale from one image to the next. Variations
in atmospheric density lead to inconsistencies due to re-
fraction of light received by the camera, and the lens
structure of the camera itseM causes distortions of the
image positions. The curved surface of the carth and
shrinkage of the film are other items to be accounted
for.

Two of the most important inaccuracies in the photo-

graphs in an approximate mosaic map are those due to
tilt and relative rotation of the photographs. The in-
accuracies due to the particular lens structure used in the
photographing camera may be overcome by projecting an
image of the photograph from an apparatus having the
same lens characteristics as those of the camera. If the
projector is then arranged with its axis not at right angles
to the plane of the paper upon which a print of the
photograph is to be made, but at an angle equal to that
made between the axis of the photographing camera and
the horizontal plane at the point of intersection of the
camera’s axis with the earth, then the inaccuracies due to
tilt will be removed. The same object may be accom-
plished using a more complicated instrument called a
ectifier which is made for the purpose. Differences of
scale from one image to the next can be eliminated by
variation of the magnification from negative to print.
Having removed the tilt and scale inaccuracies, rotation
of one photograph print relatively to an adjacent one will
align the two in the same direction. A set of adjacent
prints could thus be fitted together to form a more accu-
rate mosaic map providing the areas surveyed were rea-
sonably flat,

However, when there are height variations from. point
to point on the ground, dispiacements on the map will
be introduced, since a photograph represents a central,
rather than an orthogonal projection of the ground be-
neath. The point directly under the camera (the nadir
point) will be correctly represented on the image but any
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other will be displaced in a radial direction from the
nadir point in a chosen reference plane by an amount
which depends upon its distance from the nadir point and
upon its height with respect to the plane. To obtain a
true orthogonally projected map these displacements must
be known, and a convenient method of determining them
is to view two overlapping photographs stereoscopically.
This js convenient for not only may we determine the
discrepancies, but at the same time measure the height
of any image point on the three dimensional stereosconic
image in relation to. the chosen reference plane.

Various methods of carrying out the process are in use.
One apparatus uses a system of rods arranged in a three
dimensicnal manner to reconstruct a model of the rays
from ground to camera, ancther (British Patent 764,449)
uses two mechanisms to calcutate the difference betwes
the position of a point shown on @ photograph and the
true orthogonal projection position. This is achieved by
solving an equation containing the coordinates of the
image point on one photo and the parallax (or coordinate
difference referred to the same origin) between this point
and ihe corresponding point on a second overlapping
photo. For the first mentioned apparatus in projecting
the negative’s image not only must it be possible to tilt
the negative about two axes and rotate it about one but
once having tilted the negative it must be possible to move
it relatively to measuring and viewing devices without
altering the plane in which it is tilted, or to move the
measuring and viewing devices relatively to the photo-
graphs. Thus, this first machine has to be fairly large
and very precisely made, if the accuracy of the photo-
graph is to be matched by the projecting machine. The
second type of machine, whilst less bulky than the first,
gives only an approximate solution of the photogram-
metric problems. Whilst it would be theoretically possible
to design very expensive pieces of apparatus to correct for
atmospheric refraction, earth curvature, film shrinkage
and other systematic errors, the inaccuracies introduced in
practice, due to the extra mechanical linkages required,
are likely to outweigh the defects to be corrected.

The object of the present invention is to provide im-
provements in respect of these disadvantages, and to this
effect T have invented a stereo comparator system which
employs simple mechanical structure, with which a very
high degree of accuracy may however, be obtained. The
system provides for direct viewing of the photographs
withcut parallax in which it is unnecessary to tilt the
photos, but in which nevertheless relative orieniation of
the photographs and absclute orientation of the stere-
oscopic image may be attained, and in which any lens
distortion or other known error may conveniently be cor-
rected. My invention therefore provides a very versatile
plotter for images taken with any type of camera, and un-
der a wide variety of exposure conditions.

An object of the invention is to provide a photogram-
metric plotter or stereo comparator comprising a mount-
ing base; a main carriage mounted on the base with two
degrees of translational freedom of movement in one
plane relatively to the base and in which the plane defines
a datum plane; first and second photocarriers each mount-
ed on the main carriage 50 as to be movable rela-
tively thereto with two degrees of freedom of movement
and each such photocarrier defining a photo supporting
surface; (these surfaces are planar in the preferred form
and are parallel to the datum plane); each such surface
adapted to receive a pair of overlapping photographs; a
first operating means for controlling movements of the
main carrier in both directions of movement of the main
carrier; first and second driving means for controlling re-
spectively both the transiational movements of the first
photocarrier; third and fourth driving means for con-
trolliing respectively both the translational movements of
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the second photocarrier (in the preferred form these driv-
ing means are electric motors) a viewer device having
measuring mark means associated with each photo-sup-
porting surface, signal generating means sensitive to move-
ments of the main carriage; an electronic computer hav-
ing an input and an output, the input being connected to
receive signals from the signal generating means; second
operating and signal generating means connecied to the
computer input for imparting a signal corresponding to
a parallax or lack of alignment observed between the
measuring mark means and an image feature when view-
ing overlapping photographs placed on each said photo-
supporting surface, the computer being such as in accord-
ance with input signals and predetermined settings to the
computer corresponding to photo characteristics (i.e. vari-
ations from true orthogonal representation of the ground
as a horizontal plane due to tilt of the photocgraphing cam-
era, atmospheric refraction and lens distortion, fiim shrink-
age, earth curvature etc.) to generate output signals, and
means for applying the output signals to the first, second,
third and fourth driving means whereby to remove the
parallax. It will be understood that one photocarrier
may be fixed rigidly to the main carriage, although this
would demand an additional computer to calculate the
difference between movements of the main carriage and
the true orthogonal coordinates of the photographed
area.

According to the invention there is also provided a
method comprising mounting a pair of overlapping pho-
tographs on a pair of photocarriers, viewing said photos
simultaneously to observe the parallax between the two
representations of a single image feature in relation to
measuring mark means, moving the two photo-carriers
as a unit relatively to the measuring mark means, detect-

ing two coordinates of such movement, and generating :

signals corresponding thereto, feeding said signals to the
input of an electronic computer, applying settings to the
computer corresponding to known photo characteristics
(e.g. those due to tilt of the photographing camera, at-
mospheric refraction, lens distortion, film shrinkage, earth
curvature, eic., which cause the photographs to vary from
being true orthogonal projections of the ground), feeding
further signals determined by said observed parallax to
said computer, calcuiating in said computer a group of
output signals, and moving said photo-carriers relatively
to one another and to said measuring mark means in ac-
cordance with said output signals, said signals being of
such nature as to effect relative movements of said photo-
carriers such as to bring each representation of said image
feature into coincidence with said measuring mark means.

In the description which follows, and which provides
an example of the present invention, reference will be
made to the following drawings in which;

FIGURE 1 is an overall diagrammatic view in perspec-
tive of an embodiment of the invention, showing the
stereoscopic viewer, plotting table, and computer.

FIGURE 2 is enlarged view in perspective of the stere-
oscopic viewer of FIGURE 1.

FIGURE 3 is a sectional view of the lower movable
table of FIGURE 2 taken on plane II'IIT in FIG-
URE 2.

FIGURE 4 is a sectional view of the photo-carrier table
of FIGURE 2 taken on plane IV—1V in FIGURE 2.

FIGURE 5 is a sectional view of the structure of FIG-
URE 2 taken on plane V—V in FIGURE 4.

FIGURE 6 is a general block diagram of the computer
of FIGURE 1.

FIGURE 7 is a 3-dimensional diagram of two photo-
eraphs arranged to project a 3-dimensional image;

FIGURE 8 is a 3-dimemnsional diagram of a tilted pho-
tograph projected; »

FiGURE 9 is a vertical section showing a tilted and an
untilted pholo having the same projection centre;

FIGURE 10 is a 3-dimensional diagram of the de-
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tails of a tilted and an untilted photograph having the
same projection centre; .

FIGURE 11 is a vertical sectional diagram in the plane
containing the x axis of a tilted and an untilted photo-
graph having the same projection centre;

FIGURE 12 is a schematic diagram of portion A; of
the computer;

FIGURE 13 is a schematic diagram of portion B, of
the computer;

FIGURE 14 is a typical view of two overlapping pho-
tos through the binocular viewer assembly;

FIGURE 15 is a plan view of two overlapping photo-
graphs in exploded view;

FIGURE 16 is a plan view of a tilted 3-dimensional
projected model;

FIGURE 17 is a sectional view of two adjacent photo-
graphs being projected;

FIGURE 13 shows a diagram of the rays from the’
ground to the photographing negative;

FIGURE 19 shows a schematic diagram of an addi--
tional computer for calculating coirections due to at-
mospheric refraction.

Tn FIGURE 1 an overall view of the complete plotting’
apparatus is shown. A stereoscopic viewing assembly 1
mounted on a suitable table 2 cooperates with a com-
puter 3 and plotting table 6. Settings set on the viewing
assembly 1 during operation of the apparatus are trans-
mitted by conventional mechanism 4 shown here as shaft
transmission to a pencil 5 of plotting table 6. These
seitings are also transmiited electricaily to the computer
3 together with settings from a control 7 and corrective
compensating signals are returned electrically from the
computer 3 to the assembly 1.

In FIGURE 2 the viewing assembly 1 of FIGURE 1
is shown in greater detail. The base portion 10 is fas-
tened to the table 2. Upon this, mounted to move in two
horizontal directions at right angles is a carrier 11, and
on this again are mounted two further carriers 12 and 13
also movable in two directions at right angles relatively
to carrier 11 and parallel to the directions of movement
of carrier 11. The carriers 12 and 13 are surmounted by
two photocarriers 14 and 15 respectively each of which
may rotate about a vertical axis through central points 33
and 34 respectively. Photographs 16 and 17 are shown
in position mounted on the photocarriers 14 and 15. In
this way a point 18 on photo 16 and corresponding point
19 of photo 17 may be brought into position for examina-
tion through a conventional binocular viewer 20 which
is mounted rigidly to base plate 10 by supports 20a..
Handwheels 21 and 22 on shafts 21e and 22a enable pre--
cise movement of carrier 11 in the lateral (X) and depth-
(Y) directions respectively. Carrier 13 can be moved:
relatively to carrier 11 in the X direction by motor 23.
and in the Y direction by motor 24. Similarly carrier 12
is moved relatively to carrier 11 in the X direction by.
motor 25 and in the Y direction by motor 26. The rela--
tive movement in X and Y directions of carrier 12 to car-
rier 11 is recorded by dials 27 and 28, and movement of
carrier 13 relatively to carrier 11 is recorded by dials 29-
for the X direction and 30 for the Y direction. Two fui-
ther handwheels 31 and 32 are provided to rotate photo--
carriers 14 and 15 about their vertical axes.

FIGURE 3 shows a plan view of drive mechanism for
carrier 11, This mechanism consists firstly of a frame 42
mounted by means of rods 44 mounted in bearings 45
fixed to plate 10, so that it may slide in the X direction.
The frame 42 is driven by wheel 21 and shaft 21« through
bevel gearing 40, which acts to rotate shaft 41 and to
screw its threaded end into collar 46 fixed to frame 42.
A second frame 43 is mounted by bearings 47 on rods 43
attached rigidly to frame 42. Movement of this second
frame 43 is thus permitted in the Y direction relatively
to frame 42 and is effected by rotating shaft 49 from
wheel 22 and shaft 22a. Shaft 49 screws into collar 50
which is fixed to frame 43. Carrier 11 is mounted upon
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frame 43. By continuing shaft 49 beyond collar 50 cou-
pling may be made to a potentiometer 51. The shaft 49
is further extended through this potentiometer 51 to a
universal joint 52 and to shaft 4¢ of shaft transmission 4
and thence to plotting table 6. A drive from bevel gear-
ing 40 is taken to a second potentiometer 53 and through
a second universal joint-54 to shaft 45 and hence to the
plotting table 6.

The sections of FIGURE 4 and FIGURE 5 show the
drive mechanism for carrier 13. The X and Y move-
ments relatively to carrier 11 are executed in an exactly
analogous manner to those for carrier 11, the only dif-
ference being in the method of driving the X and Y
shafts. Shaft 60 is rotated by motor 23, which moves
frame 61 in the X direction, such frame being supported
by rods 62 mounted in bearings 63 mounted upon carrier
11. Shaft 64 is rotated by motor 24 mounted on frame
61. This transfers motion to a collar 71 mounted on a
frame 65 to move such frame in the Y direction relatively
to frame 61 with rods 6§ sliding in bearings 67. Frame
65 is rigidly fixed to and supports carrier 13. Indicating
dials 39 and 29 show the amount of rotation of shafts 64
and 60 respectively. A gear wheel 68 is mounted to
rotate about a vertical axis through point 34 and is fixed
to frame 65. The gear 68 is driven by worm 69 coupled
to hand-wheel 32 by shaft 7¢. The photocarrier 15 is
directly mounted upon gear wheel 68.

The computer 3 shown diagrammatically in FIGURE
6 consists of two similar units, one associated with each
photograph. For convenience of drawing each unit has
been subdivided into two and that for the first photo is
shown in FIGURES 12 and 13 consecutively (FIGURE
12 being called portion A, and FIGURE 13 portion By).
Each unit A is fed signals in the form of D.C. voltages
corresponding to the settings of carrier 11 for the X and
Y directions from the potentiometers 53 and 51. Further
inputs are also provided by knobs 76 and 7 which corre-
spond to the focal length of the surveying camera and the
height of the point being observed in the viewer 20, Fur-
ther other inputs to both A and B units are provided for,
but these will be explairied later. The dial for pointer 7
is mounted so that it may be rotated relatively to panel
74 upon which it is mounted, and is clamped by nut 75 as
required.

The output from B, controls the position of shaft 60
(carrier 13) through motor 23 for X movements and of
shaft 64 through motor 24 for Y movements. Provision
is made for feeding back a voltage from each motor corre-
sponding to the position of the shaft which it drives in the
conventional manner for servo mechanisms. Control
through motors 25 and 26 by unit B, is effected in the
same manner. :

Let us now examine the situation when a three dimen-
sional image is projected from two overlapping photo-
graphs of a sample of terrain taken with the camera axes
vertically,

In FIGURE 7, D and E are the projection centres for
photographs 16 and 17. In order that horizontal lines
on the image projected shall correspond with original
horizontal lines on the ground, the line joining D and E
called the base line must be tilted at the same angle as the
line joining the two points from which the photographs
were taken. (This is part of the absolute orientation of
the three dimensional miodel.) In general the line ED
can be divided into three components, at right angles, Bx
in the X direction, By in the Y direction and Bz vertically
(these are called the base components). By increasing
the distance ED, the 3-dimensional model may be in-
creased in size (or reduced in scale). This will of course
simultaneously move the model downwards. The height
AZ of a typical point K on the image may be determined
relatively to orthogonally projected point M in a conven-
ient horizontal reference plane J. L and N are the nadir
points for E and D respectively in this plane, and the dis-
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6
tances EL and DN are called the projection distances for
the two photographs.

If the original photograph G were not taken with a
vertical camera axis but with the axis making an angle »
with the vertical, we might use conventional methods and
mount the projector axis at the same angle as the camera
as shown in FIGURE 8. DP making a right angle with
the plane of G the projector’s axis DP now strikes J at P
instead of N but the reasoning of FIGURE 7 is still
correct.

One convenient way of viewing the photos so as to
produce a 3-dimensional effect is to present optically a
direct view of one photograph to one eye and the other
to the other eye with a binocular assembly such as is
shown at 2@ in FIGURE 2. If a mark is placed in the
path of the light in each optical unit, the eyes of the
viewer will combine the two marks to give one, having a
definite position in space and whose apparent distance
from the viewer may be changed by altering the angle
that light from each mark in the viewing assembly makes
with the eyes of the viewer. This mark is called the float-
ing mark. If now two corresponding points of the same
image feature on each photo representing a single point
on the ground are brought to coincidence with the mark
in their respective optical units, then the single combined
point will be seen at the same distance from the viewer
as the floating mark. It will be understood that the float-
ing mark will define plane J of FIGURE 7 and alteration
of the projection distances EL and DN will allow K to be
bronght into this plane and thus allow measurement of
its elevation from the amount of change in the projection
distances. Tt will be understood that coincidence of the
same image feature on the two photos could be carried
out by superimposing both photos over a single measur-
ing mark, instead of using stereoscopic presentation. In
general, a second image feature brought into view keeping
the two photos fixed relatively will not be seen coinci-
dently with the floating mark because of height differ-
ences, differences caused by central projection, lack of
absolute orientation, tilt of the photos, etc. However, the
amount by which the two representations of the second
image feature are shifted from coincidence may be deter-
mined mathematically. Then by means of a suitable
computer, and independent shifting servo-mechanisms for
each photo, removal of the parallax in the second feature
ie. bringing it into coincidence with the floating mark,
can be made to give the height and map or orthogonal
coordinates of the second feature with respect to the first.

To achieve this the computer must of course be set up
with information about the photo characteristics, and
these may comprise tilt, lens distortion of the camera,
film shrinkage, atmospheric refraction of light reaching
the camera lens, earth curvature, etc., before the measure-
ments described can take place. ‘

In order to realise the system described above we must
first calculate the difference in the coordinates of a point
shown on an untilted photograph and one of the same
terrain, which is tilted at some angle. In FIGURE 9, the
horizontal photograph 91 and the tilted photograph %2
are shown in section in the plane containing the angle of
greatest tilt ». The photographs are placed with their
planes at a distance f (the focal length of the camera
objective) from centre O. For photegraph 81 the princi-
pal axis of the camera would strike the photograph in
point N’ or the plane J at the nadir point. The principal
axis of the camera for 92 strikes photo 91 in point P.P.
The intersection of 91 and 92 takes place at I and is called
the isocentre.

Turning now to FIGURE 10, which shows part of
FIGURE 9 in 3-dimensions we have according to O..V.
Gruber (Ferienkurs in Photogrammetrie 1930) that the
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difference AX; and AY; between tilted and untilted co-
ordinates is

(N AX 1 =X,.4
AY1:YI.A
In (1)
_ Yisinw
A—f”l- Yl sin p

coordinates X; and Yy are the untilted ones and the co-
ordinates system is such that the Xj-axis is in coinci-
dence with the equal scale line of the photos 91 and 92
through the isocenter, i.e. the X axis for the tilted photo
coincides with that for the untilted (¥X;) and the Y axis
for the tilted photo is at right angles to its X axis in the
plane of the tilted photo. The Y axis for the untilted
photo is Yy and is in the direction of greatest inclination
(v). The origin is at the isocenter. Thus taking the
origin at the isocenter, the coordinates of a point repre-
senting a given terrain feature on the tilted photo referred
to the isocenter as origin (with its X and Y axes as just
defined) will differ from those for the point representing
the same terrain feature on the untiited photo referred to
the isocenter as origin (with the axes Xj, Y;) by AX; and
AYl.

Let us assume another system of coordinates (x, y)
that differs from the previous one by being rotated about
the origin by an angle §, in the plane of 91.

The angles 5 and » may be expressed in terms of angles

¢ and » which are related to the x and y coordinate sys- -

tem as indicated in FIGURE 10.

Then
2 tan2 2 t 2 S —
tan v=\/f tan d)]j—f tan @ —+tap? e Htant a
(2) cin ye vtan? ¢ +tan? o
VIFtan? ¢-+tan?
(3) tan 6=E—Z%%; thus
. tan ¢
(4) sin 6—\/tan2 ¢--tan?
(5) cos 5‘-‘—‘%
x/tan2 ¢--tan? o
(6) {ley cos §—x sin &
X1=z cos §-}-y sin §
Hence
_y tan o—=x tan ¢
x/tanﬁ’ d+tan? w
(N and

.,z tan w--y tan ¢
P N e e ——————
l \/tan2 ¢+tan? o

Now we can compute the value of A:

_ Yysinwy
A_f+Y1 sin »

Yn/tanZ ¢-+tan? w

_\/m<f+ Yﬂ/tan? ¢-+tan? w
’ v1+tan? ¢--tan? w

_ Yftan? ¢ +Htan? w
f/14-tan? ¢+tan? w+ Y /tan? ¢-tan?

ic.

A

A= y-tan w—z-tan ¢
f/l+tan? ¢-+tan? w-+y tan w—z tan ¢
A=G—-G*}G3—. .. |

i.e.

(&)
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where
_ ytane—ztan ¢
TSIt tan +tan’ o
Since:

Yi_ X _y_ @ 1
AY: AX: Ay Az A
We may write:

(®) Ay=A.y

Ax=A.x

[Where Ay and Ax are the difference between the tilted and’
untilted coordinates referred to the isocenter as origin in.
the x and y coordinate system.]

Now tan? ¢ and tan? « are in practice very small..

Therefore /1+4-tan? ¢--tan? w is very nearly equal to 1.
This approximation can be accepted in most of the prac-
tical applications, and for these cases
(10) S+ I+ tan? ¢ tan? e~ f(lﬂ_ﬁMrM): c
Referring to FIGURE 11 in which N’ is the nadir point
on the untilted photograph 91, and PPx and Ix are the
projections of PP and I of FIGURE 9 onto the x axis.
If X and Y are the coordinates of a point K referred to
the nadir point as origin, which is of height AZ on the
model so adjusted in scale to use the untilted photo 91
as the reference plane J, the position of K will appear at
M on photo 91 and it will be clear that coordinate x of
point M will be given by

AZ
=X+ 07
where as stated, X is the orthogonal coordinate of K rela-
tively to the nadir point.

A similar line of reasoning shows that

_ AZ W
y—Y+f—-AZ Y—f tan §+F4(Y)
where F3(X) and F,(Y) represent any known general
functions in the X and Y directions respectively which
may be included, viz. atmospheric refraction, etc.

If now we apply Equation 9, we obtain from FIGURE
11 the fact that the difference between the tilted photo
coordinate and the untilted orthogonally projected co-
ordinate referred to the isocenter equals

AZ
Ax— F—AZ
thence it follows that AX (the difference between the tilted
coordinate referred to the principal point of the tilted
photo and the untilted orthogonally projected coordinate
referred to the nadir point) is given by

A AZX b, oy
AX=Az f—AZ+2f tan 2—1—[’1(3)

Similar reasoning gives a value,
AZ
AY=Ay '—m
where F;(X) and Fy(Y) represent any additional known
corrections which may be applied if reqguired and which

are functions of X and Y such as film shrinkage, atmos-
pheric refraction of light reaching the camera lens, earth

X—7 tan (g—[-F;;(X)

(11)

X

(12)

(13) Y 427 tan ‘—’23+1«‘2(Y)

curvature etc.

These equations can then be applied to each photograph
of a pair which overlap to give AX’, AY’, AX" and AY"
as the coordinate differences for a first and a second over-
lapping phoio respectively.

Now Equations 12 and 13 refer the changes AX and
AY to a system of coordinates having the nadir point of
the particular photo considered as origin. When relating
two photos to one another as is carried out in stereoscopy
clearly a single origin must be chosen. A convenient place
to choose this point, as it preserves the symmetry of the
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viewing assembly, is at the midpeint of the line joining
the two measuring marks in the datum plane. This would
require the replacing of X and Y, in Equations 12 and
13, by

Bz
(x+%

and (¥Y—pY’) for the first photo and
<X—~%> and (Y—gY"")

for the second photo where Bx is the base component of
FIiGURE 7 and the pY’'—gY” is By of FIGURE 7.

A further addition to Equations 12 and 13 must be iu-
cluded to allow for instances where the scale of one or
both of the photographs is not the same as that required
for plotting as was assumed in FIGURE 11.

FIGURE 17 shows two photographs 121 and 212 hav-
ing projection centres E and D respectively. Let us
assume that the photographs are untilted as this will sim-
plify the example. Suppose now that the scale in which
we wish to plot occurs in the datum plane 113 such that
the perpendicuiar distances from projection centres to
plane 113 are EL and DN for the two photos respectively.
Clearly, since the distance from-each projection centre to
its respective photograph is f, the shifts g7’ and gZ" of the
planes of the photos from the datum plane are measures
of the change of scale from photograph to plotting scale.

E is obvious from FIGURE 17 that in this case the AZ
of the previous Equations 12 and 13 must be replaced by
AZ4-BZ" and AZ-BZ".

Therefore in applying Equations 12 and 13 to each
raspective photograph we obtain

and (Y—B8Y")

(14)
v groa AZABZ
AX'=A'x f—————_AZ_ﬂZ,(X-l- 2/+2ftan
B inx -
and
(15)

————-—-—Aif"‘ (Y —BY")+2tan S

+BY"+Fy(Y)
where the primes denote the first photograph, and

(16)

AY' =AY —

AZ+BZ

o= XA A (B ten B )
and
(17)
Yy ={F—pY")+ % (Y—BY")—f tan ur ()
For convenience we shall call
tan ¢;=a (18)
tan wy=>b (19)

Similar expressions for AX"” and AY” referring to the sec-
ond photograph can be deduced.

Let us turn now to the circuit diagram of an analogue
computer 3 for determining the values AX’ and AY’ from
the X and Y map (or orthogonally projected) coordinates
shown in FIGURES 12 and 13 combined. The input of
Section A; shown in FIGURE 12 is fed from the X and
Y potentiometers 53 and 51 and also by further poten-
tiometer 120 for providing a voltage proportional to f,
which will of course be dependant upcn the particular
photographing camera employed. Yet another input of
vaiue AZ is fed by means of knob 7 of FIGURE 6 from
potentiometer 112, On portion A, itself inputs of —Bx/2,
—BY’" and pZ’ are provided from potentiometers 85, 86
and §7 driven by the knobs 78, 83 and 82 of FIGURE 6.
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Outputs of —Bx/2 and —gY’ are available at terminals
Ty3 and Ty, for portion B;. Signals of —X and —Bx/2
are added in summation amplifier 88 to produce an output

of
Bz
(x+%)
at terminal T3 and by phase inversion in amplifier $3 to
give
(x4

at terminal Ty,. In a similar way —gY’ and Y are
added in amplifier 89 to give an output of — (Y —gY’) at
terminal T and by phase inversion in amplifier 94 one of
(Y—BY’) at terminal Tj,. A signal of —gY’ is also
made available at terminal Ty The sighal of -Lf is
fed to power amplifier 114 where it is reversed in phase
and fed to terminal T,, the phase is also reversed once
more in power amplifier 115 and the signal is taken to
terminal T;.

Signals of gZ’, AZ and —f are added in amplifier $5 and
fed to servo motor 26. The cutput of this motor is multi-
plied by the output from a high gain amplifier 58 in po-
tentiometer 98. The multiplied output from potentiometer
98 is added to BZ’ and AZ in amplifier 98 and the sum of
these three when multiplied by the amplifier gain results
in an output of

AZ-+BZ ]
f—AZ—BZ’
A second servo motor 97, driven by the output of ampli-

fier 98, which has on its shaft potentiometers 99 and 169
produces an output of

Bz\ [ AZ+BZ N\
(x+% \=faz—57")
and
nf _AZ+BZ
~v-er(257 )

from these at terminals T, and Tg respectively. The
double bar connection from the servo motors 95 and ¢7
to potentiometers 98, and 99 and 188 respectively is in-
tended to indicate that each servo motor has a shaft on
which the resistive portion of the potentiometer concerned
is mounted. The circuit comprising amplifier 80 and po-
tentiometer $8 carries out a division -operation, and to
understand its action let us designate the quotient output
from amplifier 99 as Q.

The. input to amplifier 99 is 4-AZ, 487’ and the prod-
uct of Q times the output from amplifier 95. Hence, it
follows, if —pu is the amplification factor of high gain
amplifier 99,

Q=—p(AZ+BZ'+Q[f~AZ—BZ'])

1.c.

CU+plf—AZ—BZ' ) =—pn(AZ+pZ")
or
(20) Q= —N(AZ‘I“BZ/)

LFu(f~AE—E")
Butif xis » 1, and in a typical amplifier $8u would be of
the order of 103, then Equation 20 becomes

AZ+BZ"
which is the output we require to feed to servo 97.

The second portion, section B, of the computer 3is
shown diagrammatically in FIGURE 13 and is fed at the
terminals T4, Ty, T3, Ty, Ts, and Tg, Tyig and Ty4 from the
corresponding terminals of portion A;. In addition, in-
puts related to ¢;, may be introduced at potentiometers
121, 122, and 123 which are ganged together by knob &1,
and those related to wy, at potentiometers 124, 125, and
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126, which are also ganged by knob 83. In the circuit
shown in FIGURE 13 potentiometers 121 and 124 are
cach fed through a pair of series resistors each having
twenty times the resistance of the resistive portion of po-
tentiometer. Potentiometers 122 and 125 however are
each fed through a pair of series feed resistors 131 and
132, 133 and 134 respectively each having ten times the
Tesistive value of the potentiometers concerned. In this
way for a given rotation of knob 83 the outputs obtained
from potentiometers 121 and 124 will be, to a sufficient
order of accuracy, effectively halved with respect to the
outputs from potentiometers 122, 125 and 126, since the
voltage existing across the resistive portion of 121 would
be about one twentieth of f whereas that across 122 and
125 will be respectively about one tenth x” and one tenth
y’. Although servo motors 23 and 24 are shown as part
of section By, they are in fact mounted upon the viewing
assembly 1. The input of --f and —f at terminals T; and
T, is multiplied at potentiometer 121 to give

a
— fE
{see Equation 18) at terminal T;. This signal is also
added to
Bzx
(x+3
and

(2 (sl

in summation amplifier 127 and gives an output —x’ at
terminal Ty. A signal of +x" is given at terminal Ty, by
phase inverter 128. The inputs of '+f and —f are also
applied to potentiometer 124 so that its slider gives the
product of f and b/2 (see Equation 19) which is also
made available at terminal Tg. Summation amplifier 129
provides an output of 4y’ at terminal Ty by adding the
inputs from terminals Ts and Ty, i.e. adding — (Y —gY")
fo

-2 e)

and to
b
tfg

Phase inverter 130 gives an output at terminal Ty of —y”.
The signals —x’ and 4-x’ are taken to the feed resistors
131 and 132 of potentiometer 122 which provides an out-
put of —ax’. Feed resistors 133 and 134 for potentiome-
ter 125 are provided with signals of -y’ and —y’ respec-
tively and multiplication by b in potentiometer 125 gives
an output of +by’. Potentiometers 123 and 126 are fed
a signal of —f from terminal T, through resistors 135
and 136 respectively. These potentiometers are wound so
that the resistance from slider to central grounded point
varies as the square of the angular displacement of the
slider from this point. In a similar manner to that ex-
plained for potentiometers 121, 124 and 122 and 125 the
values of resistors 135 and 136 are so chosen with respect
to the resistive values of potentiometers 123 and 126 that
the potential between the ground point and one or other
ends of these resistive portions (in the particular circuit
of FIGURE 13) is one fortieth of that fed in at T2 thus
giving the proper output value with respect to those from
the other potentiometers just mentioned of —jf/2 times
a? and b2 respectively. Outputs of

b2

are thus respectively obtained from potentiometers 123
and 126 which are added to —f in summation amplifier
137 to give an output J-C. The three signals —ax’, 4-by’,
and +C are added in summation amplifier 138 and trans-
mitted by servo motor 139 to potentiometer 148. The

2
—_ f% and

[
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12
double bar connection from servo motor 139 is intended
to indicate that the resistive portion of potentiometer 149
is carried on the shaft of the servo motor. The signal
from the slider of potentlometel 140 is fed with signals of
—ax’ and 4-by’ to high gain amplifier 141, and the cutput
from this is,

by’ —ax’
C4-by' —ax’

which equals A’. The servo motor 142 drives potenti-
ometers 143 and 144, by its shaft which carries the resis-
tive portions of potentiometers 143 and 144 respectively,
to give outputs of —A’x’ and +A’y’ respectively. The
signals of +x" and —x' for potentiometer 143 are ob-
tained from terminals Ty, and Ty, and those of —y’ and
-y’ for potentiometer 144 from terminals Ty and Tpy.
The action of the circuit of amplifier 141 and potenti-
ometer 149 is a similar division operation to that carried
out by amplifier 90 and potentiometer $8 in section Aj.
Let us examine this circuit and call P the output and p
the gain of amplifier 141,

Now

P=—u(by’—ax’—Plax’—by’'—C1)

[The presence of the initial minus sign in the expression
—Plax’'—by’—C] might seem incorrect, but, since
[ax"—by'—C] is always negative because ¢ and b are in
practice very small compared with C, and since the slider
of potentiometer 146 is located on the same side of the
earth point as the end of the potentiometer 146 to which
the output from amplifier 141 is applied, the multipiica-
tion process in potentiometer 149 will consist of the prod-
uct of the output from amplifier 141 and of [ax’—by'—C]
as a positive quantity (i.e. of —[ax’—by’—C17) that is to
say the product obtained is —P(ax’—by’—C) and not
+-P(ax’'—by'—C) which casual observation might sug-
gest.]

Hence

P(1—plax’—by’—C}) =—p(by’ —ax")
and, if u»1 then,

—(by'—az")
(22) P= —C—I—by A’
The signals
AZ+BZ’
(x+%) (22t
and
@
_f§

from terminals Ty and Ty are added to —A’x" and Bx/2
in summation amplifier 145, the output of which provides
a signal of —AX' as given by Equation 12. AX’ is then
converted to a motion of shaft 68 by means of gearing
147. Potentiometer 148 whose resistive portion is carried
by shaft 69 provides a feed back signal to the amplifier
145 so that there is no drive to the shaft when it has taken
a position corresponding to AX’. Summation amplifier
146 adds A"y’

i (¥~ ﬁY’)(f—AZ,fﬁZ7

and +gY’ to give an output of AY’ from shaft 4. A
feed back signal of —AY” is provided by means of potenti-
ometer 149 to amplifier 146. The resistive portion of
potentiometer 149 is carried by shaft 64. All points v, v
are supplied with suitably stabilised and polarised D.C.
potentials.

Sections Ay and B, of the computer 3 operate analo-
gously to sections A; and B; and provide analagous out-
puts AX” and AY”’. The inputs to section A, are basically
the same as to A; and consist of Bx/2, gY"’, and gZ" at
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knobs 183, 104, and 185 respectively, and of ¢, at knob
77, and wy at knob 79.

In both sections A; and B; of the computer values of
R have been given to certain potentiometers to provide a
basis for values to be given to their feed resistors for the
ranges normally required from the potentiometers.

When it is desired fo set up my apparatus for plotting
it is necessary that the computer and viewing table be
arranged so that movement of the X and Y controls 21
and 22 will automatically introduce the correct amounts
of compensating shift AX’, AY’, and AX’" and AY" trans-
mitted through the motors 23, 24, 25 and 26, such that
removal of parallax using the knob 7 will give a reading
for the height of the point being observed, unaffected by
discrepancies in the photographs from all causes. The
setting-up procedure is very similar to methods employed
for conventional machines in that firstly the two photo-
graphs 17 and #6 are aligned on their respective photo-
carriers 15 and 14 so that the principal point of each
photograph (that is the point where the camera axis
strikes the image) is arranged at point 34 or 33 respec-
tively. This is known as inner orientation and need not
be considered further. The remaining two steps to be
carried out are to remove the effect of tilt and of the
rotation of one photograph with respect to the other (rela-
tive orientation) then subsequently to remove the effect of
this tilt with respect to the horizontal plane of the earth
(absolute orientation). Compare the alignment of ED
in FIGURE 7. The relative orientation of one photo-
graph to another may be carried out in several different
ways but the process to be described will show the effec-
tive bringing of the plane of photograph 17 of FIGURE
15 into the plane of photograph 16. An image feature,
well defined in the sense of being easily identified is first

elected close to the principal point of photograph num-

ber 17 and is denoted here by point 285. Through the
left hand optical system of the viewer 2§ for photograph
number 16 the operator will not normally see precisely
the same point as appears for photograph number 17.
In FIGURE 14 he would, for instance, see the measuring
mark 23@ in the left eye piece coinciding with the centre
211 of the cross roads, and viewing through the right eye
piece he would notice the right hand measuring mark 212
displaced from the centre 211. The amount of shift in
the X and Y directions is called the X and Y parallax,
respectively. Firstly therefore the parallax of photograph
17 is removed by alteration of the Bx/2 and gY’ controls
(knobs 78 and 88) in the computer unit Ay so that the
measuring marks 218 and 212 both coincide with the
centre 211 of the cross roads. Another well defined
point is now selected close to the principal point of photo-
graph 16. Let us denote this seicted point by number
282. In the viewer 2§ parallaxes will again in general
be observed. The Y parallax is removed by rotating
photograph 17 in a horizontal plane using wheel 32. The
X parallax is removed using the Bx/2 control as before,
ie. knob 78. The Bx/2 change is not essential in the set-
ting up of the device but because of height differences be-
tween the first selected point 285 and point 282 consid-
erable X parallax might be present, and removal of this
would facilitate viewing. It will be appreciated that the
introduction of the rotation does not produce much addi-
ional parallex at point 285, because the rotation axis of
photograph 17 passes almost exactly through this point
283. Having thus eliminated the initial gross parallaxes,
the operator now measures by the same procedure the
paraliaxes in at least three other points, preferably near
the corners of the overlap as indicated in FIGURE 15
(261, 283, 284). The parallex in each of the chosen
points 281, 292, 283, 294 and 283 is then measured, and
at the same time the coordinates of these points with
respect to the principal point of photograph 17 are re-
corded. A typical sample of the readings cbtained is
shown in Table {.
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Table 1
Point Tom/m yom/m Y-paral-
lax=/m

—101. 646 474, 827 3. 633

—02. 234 —0. 744 -+3.913

—80. 844 —87.162 -+-3. 454

—+0. 905 —82. 347 -+-2. 820

-+0. 932 -+0.922 +3.878

Tt can be proved that the YV parallax observed can be
approximated by the following equation:
XY Y?
et
Where bz and dy are related to Bz and By, a=tan ¢,
b=tan » and K is the relative rotation. The expression
related to, is intended to indicate that these expressions
Bz and By. are slightly different from the instrumental
base components Bz and By due to rotation of the photo-
graphs etc. i.e. bz=k.Bz and dy=~k’.By where k and k’
are constants). By substituting in this equation for the
five points, five simultaneous equations are obtained in
which the coefficient of the required constants are shown
in Table 2.

(23)

Py=§~bz—|- b4+-Kax+dy

Table 11

Coscflicients for—

Point No. Y-par-
allax
bz [/ b K dy

4-0.4928 | —50.09 | --36.88 | —101.65 | 4-1 | +3.633
-| —0.0049 0. 4. +0.00 | —92.23 | 41| 3913
-| 0. 5740 446,41 -50. 64 —80. 84 +1 1 438.545
—0. 5423 —~0.49 | -+44.66 -0.61 +1 | +2.820
0. 0081 —+0.01 -+0.01 +0.93 | 411 -3.878

Any method of calculus may-be used to solve the equa-
tions, a relaxation method being particularly successful.
In the example taken there is obtained bz=-11.35,
a=-.015, b=—.064, K=.0008, dy=--3.86. These
values are set on the corresponding dials of the computer
unit By, dy being applied to the Y’ control-kncb 88,
bz to the 8Z’ control-knob 82 and K to hand wheel 32.
If any parallax is still observed in the Y direction, the
measurements are again made and the new very smail
changes in the constants are applied.

The net result of the relative orientation is that we
have a 3-dimensional model tilted in the plane of photo
16 and bearing the scale of this photo. It is subsequently
thus necessary to carry out the absolute orientation of
the model, in which corrections for scale and tilt of the
‘base line (ED, FIGURE 7) are applied and secondly tilt
of the cameras is corrected.

For absclute orientation at least 3 ground control
points are required. These points must not be in a
straight line and all three spatial coordinates of two of
them and the elevation of the third must be known.

in order to bring the model to the correct scale, the
distance between two ground conitrol points is calculated
and reduced to the correct scale. Let this value be D.
The coordinates of the same points are measured using
the stereoscopic viewing Table 1, and the distance be-
tween them is again calculated. Let .this equal d.
Usually

ds<D
but

d_bz__ by bz

D Br By Bz

where bx, by and bz are the values of the base compo-
nents which gave d. The correction in Bx is made by
applying half to each Bx knob in the commuter. Correc-
tions to By and Bz will normally be made to one or other
of the photographs only by means of the gY and gZ
knebs. The zero reading of elevation counter knob 7
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will require resetting. The correction for inclination of
the cameras about the X and Y axes is miext determined
by first measuring the elevations of the three grotind cori-
trol points with the invention. These e¢levations are
usually not identical to those given by ground measure-
ments, but the differences are a measure of the tilt of the
3-dimensional model to the horizontal. FIGURE 16
shows a plan view of the model with the three points e,
n, and A where the error in the elevation of e has been
reduced to zero by alteration of the zero setting of knob
7. 1In this example errors of --20 in » and 70 in A are
supposed to remain. A parallel to the X axis is drawn
through point e to cut 4\ at £ and a parallel to the Y axis
drawn to cut €A at ¢. By linear ifiterpolation we can find
the elevation errors in ¢ and ¥ call these +50 and +40
respectively. Clearly now if e¢=d; and 9y =d,, the error
of tan ¢;, and

A +50
t ==
an ¢, 7
and that of tan «; and
4
tan wy= ——_%;9

These corrections are made to the knobs 81 and 77 for

¢, and ¢, and to 83 and 79 for w; and wy (see FIGURE ]

6). The knob 7 will in general have to be corrected again
for elevation. It will be realized that changing the in-
clination of the cameras and hence of the model in this
mantier necessitates small changes in the base compo-

nents. For instarice, B, would now be too great, ths
correction in the example given would be
A1B+49B;
where
+50_  ABs
dl - Bz
and
+40 __Asz
(lz - By
corrections to the other base components are normally
negligible.

s

Those skilled in the art will observe from the above
description that the setting up of this instrument is basi-
cally no different from that employed with present highly
accurate plotters, and any of the orientation methods
described in the photogrammetric literature may be used
instead.

It will be understood ihat if desired for very high °

accuracy corrections for lens distortion, atmospheric re-
fraction, earth curvature, film shrinkage, and the like
can e made by introducing compensating signals at suit-
able points in the computer.

Atmospheric refraction necessitates a correction which
is a function of the distance S of the point under exam-
jnation P from the nadir point (see FIGURE 18). Let
230 represent the ground (shown planar for conven-
jence), and let 23L represent the photograph formed
‘therefrom. (Strictly speaking corrections for the height
.of the point should also be included, but these are of a
‘higher order than those due to S and may be neglected
‘here.) If ON represents the line from projection centre
O to the nadir point N, « the angle subtended between
-the direct ray from point P to O and the line NO, and
the distance NO, then S=/ tan « i.e.

(24) 3S="h(14tan%«)d«
where 68 is the distance error displacement of the point P

.due to atmospheric refraction, and 8« is the angular error
.displacement.
Furthermore
S22
2 o
tan? o= R

19

40

-
(13

16

where s is the distance of image point p from the nadir
point 1 on the photograph, and &s is the distance error
displacement of the point p due to atmospheric refrac-
tion.

Also
;S'=“i;E .'.63=%45S
Substituting in Equation 24 we obtain:
(25) b= (iz—ftsf}a

There are a number of formulas in existence for the
computation of da, and whichever is found most suitable
may be used for the calculation of &s as a function of s2.
It is passible to design an analogue computer for the Equa-
tion 25 usifig known techniques, and as a second more
more practical solution we may assume that values of
(26) & p(s?)

s

are calculated in advance at suitable intervals of s%
These values may be set upon an analogue function gen-
erator such that an input voltage s2 will generate an output
voltage equal to 8s/s. Referring now to FIGURE 12, it
will be seen that signals providing coordinates for each
photograph having the nadir point as origin are available
at terminals T3, T3a, T5, and T5a. If X', and Y’y rep-
resent these coordinates for the first photograph, then

(27) (X'n)2+(Y7n)P=s

Clearly then the correciions to be applied to AX’ and
AY’ will be AX’,; and AY o

where AY &= —X’,,-ilE
(28)

and where AY/,,= —Y’u-és'i
Similar equations for AX’;, and AY"y, can be obtained.
These corrections would be applied individually to the
computers for the first and second photographs respective-
ly and the corrections AX'g; and AY oy would be added to
computer B1 in summation amplifiers 145 and 146 re-
spectively. FIGURE 19 shows a lay-out for obtaining
these corrections, in which inputs of X'n and Y'y, referred
to the nadir point, are obtained from terminals T3 and
T5a respectively. The signals pass through squaring gen-
erators, are added to produce 2, pass through function
generator 384 to produce an output of as/s. This output
is applied to servo 395 for potentiometers 386 and 307.
Multiplication by —X’y from terminal T3a and —Y'y
from terminal T5 takes place in potentiometers 306 and
307 to produce respectively the outpuis of AX'yy and
AY ore

The influence of earth curvature is also a function of s
and may be introduced by using a similar set-up or by
changing the values of 5s/s set in the function generator
384 to include this effect also.

Lens distortion in a photograph is a function of t}le
distance s of the point under investigation from the prin-
cipal point in the photograph. Now it will be regalled
that the output AX', AY’, AX’’, and AY” from section B
of the computer are corrections which reduce the co-
ordinates of the photographs referred to the principal
points to orthogonal ones. Clearly therefore if we sub-
tract the compensating values AX’ and AY’, and AX" and
AV {rom the orthogonal coordinates X and Y we can
obtain the coordinates referred to the principal point for
each photograph. A simple addition circuit could per-

form this. If we call these two coordinates X'pp and
Y’ pp, then
(29) (") 2=X"pp?+ Y pp?

Lens distortion is usually available in the form of a cal-
ibration table which shows the distance values of distor-



3,116,555

17
tion 85" at certain intervals of & or at certain values of
angle o', where o« is the angle between the line from the
projection centre to the principal point and the line from
the projection centre to the point in question. In either
case it is practical to convert the table to a form which
shows the values 8s’/s” as a function of

2
s/
By the use of a function generator values of 8s'/s" for
given values of

2
Sl

may be obtained, and corrections for AX’, AY’, AX’’ and
AY" may be provided using an arrangement analogous
to that used for the derivation of corrections for at-
mospheric refraction.

In photogrammetry there are two differetn types of film
shrinkage to be considered:

Firstly, regular film shrinkage which is considered to
be linear with respect to Xy, and Yy, but having a differ-
ent value for the two coordinate directions, and

Secondly, irregular film shrinkage which is non-linear
and causes local distortion within a relatively limited area
of the photographic image. Irregular film shrinkage may
be detected using the known “réseau technique.” The
present invention could provide a compensation for both
types of film shrinkage. However, compensation for ir-
regular film shrinkage may be considered impractical at
the present stage of development of the photogrammetric
art, since its value is very small and its detection some-
what costly.

If there is linear film shrinkage error which is the same
in both X, and Yy, directions it may easily be corrected
by changing the focal distance for the photograph con-

cerned, that is by alteration of the value of f for that pho- &

tograph as set on the computer. The adjustment in value
of f is a normal practice in photogrammetry. Where the
shrinkage is not the same in both the X and Y directions
it would be necessary to add a linear correction to one
of the coordinates. A simple servo and potentiometer
multiplication circuit could achieve this to give a correc-
tion, AY’4=K.Y, for the first photograph (where AY s
is the correction required, and X is a constant). This
value of AY’s would then be added to the other correc-
tions in amplifier 146. A similar correction could be ob-
tained for the second photograph.

It will be clear to those skilled in the art that other
corrections could be provided if deemed necessary.

It will be appreciated that whilst the foregoing descrip-
tion has had particular reference to the method and ap-
paratus for making maps of the earth’s surface, they may
be employed for measuring the coordinates of any 3-di-
mensional system displayed on a pair of overlapping pho-
tographs. As an example the vertical side of a house, or
the surface of a body seen through a microscope might
be mapped conveniently.

My invention will lend itself conveniently to use in
automation systems and in this case the eyes of the hu-
man observer could be replaced by electronic scanner.
Comparison of the two fields of view electronically would
then be possible to determine and correct for parallax.
The arranging of the viewing assembly so that the bi-
nocular units move relatively to fixedly supported photos
could conveniently be devised, but will not depart from
the spirit of the invention. In certain cases it may be de-
sirable to employ a digital rather than the analogue com-
puter described, this will require appropriate changes in
the construction of the viewing assembly.

When it is desired to measure merely the coordinates
of a surface the viewing assembly may be used directly
as a stereo comparator, unattached to a plotting table.
The invention is particularly useful in this function as
parallaxes are removed merely by alteration of the
height potentiometer knob 7.

The formulae of Equations 14 and 15 may be modi-
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fied to fit different computation methods and computer
design, or simplified to yield limited accuracy only. We
may for example accept a first order approximation for
A (see Equation 8) i.e.

tan w
C

tan ¢

A=y 7

=yC1—2(C»

and where C; and C, are constants and C is given by
Equation 10, We may assume further that the dif-
ference between coordinates in a system where the nadir
point is the origin and in another system where the
principal point is the origin is negligible, as far as com-
putation of the camera inclination is concerned. This
is justified if the inclination is small and we may write

A (Y-gY)a(X—%f)Cz

that
f tan 2 5~ ~d iCl
and that
¢ 12C,
f tan 5~

If we assume relatively flat terrain and small AZ values
we may write further

AZ+BZ AZ | BZ
F—(AZ+6Z) f—nZ T 1

We can also add a small correction AX which is due
to residual relative rotation between the photographs.
The effect of this is to change AX’ and AY’ by

AK-(Y—BY’)
and by

—AK(X———

respectively.
Substituting these expressions in the accurate formulae
of Equations 14 and 15, we obtain

30) AX'=Ci (X——) (Y—BY")—Cy (X——

i AZ(X Bx>+03<X——>+O4(Y 8Y")+C;

and

B1) AY'=Cy(Y—BY")2— CZ(X———) (Y —gY")

(Y —BY") +Cx(Y— aY)—cu(X 10

fM

where C;, Cy, C; and Cg are constants. Similar formulae
may be obtained for the second photograph, for AX"
and AY".

The simplicity of the approximate formulae of Equa-
tions 30 and 31 will be appreciated, and the consequent
decrease in complexity of the computer, be it electronic
or mechanical, for solving them, in many cases where
extreme accuracy is not required, will warrant their use.

I claim:

1. A photogrammetric plotter comprising: a base; a
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main carriage mounted on said base so as to have two
degrees of freedom of movement relatively to said base,
said degrees of movement defining a datum plane; first
and second photo carriers each mounted on said main
carriage so as to be movable relatively thereto with
two degrees of freedom of movement, each of said last
mentioned degrees of freedom of movement having com-
ponents parallel to the datum plane and each such photo-
carrier defining a photo-supporting surface adapted to
receive one of a pair of overlapping photographs; a
first operating means for controlling both said move-
ments of said main carriage; first and second driving
means for controlling respectively both said movements
of said first photo-carrier; third and fourth driving means
for controlling respectively both said movements of said
second photo-carrier; a viewer device having measuring
mark means associated with each photo-supporting sur-
face; signal generating means sensitive to said move-
ments of said main carriage upon operation of said first
operating means; an electronic computer having an in-
put and an output, said input being connected to receive
signals from said signal generating means; second signal-
generating means connected to said computer input for
imparting thereto a signal corresponding to a parallax
observed between said measuring mark means and an
image feature when viewing overlapping photographs
placed on each said photo-supporting surface, said com-
puter generating output signals in accordance with said
input signals and predetermined settings corresponding
to known photo characteristics and means for applying
said output signals to said first, second, third and fourth
driving means whereby to remove said parallax.

2. A photogrammetric plotter comprising: a base; a
main carriage mounted on said base so as to be mov-
able relatively to said base in a plane in two directions
at right angles, said plane defining a datum plane, first
and second photo-carriers each mounted on said main
carriage so as to be movable relatively thereto with
two degrees of freedom of translational movement and
one degree of freedom of rotation, said last-mentioned
three degrees of freedom of movement each having a
component parallel to the datum plane, each photo-car-
rier defining a photo-supporting surface, each such sur-
face adapted to receive one of a pair of overlapping pho-
tographs; a first operating means for controlling move-
ments in both said directions of the main carrier; first
and second driving means for controlling respectively
both said translational movements of said first photo-
carrier; third and fourth driving means for controlling
respectively both said translational movements of said
second photo-carrier; a viewer device having measuring
mark means associated with each photo-supporting sur-
face; signal generating means sensitive to the move-
ments of said main carriage to produce signals corre-
sponding thereto; an electronic computer having an in-
put and an output, said input being connected to re-
ceive signals from said signal generating means; sec-
ond signal generating means connected to said computer
input for imparting thereto a signal corresponding to a
parallax observed between said measuring mark means
and an image feature when viewing overlapping photo-
graphs on each said photo-supporting surface, said com-
puter generating output signals in accordance with said
input signals and predetermined settings corresponding to
known photo characteristics; and means for applying said
output signals to said first, second, third and fourth driv-
ing means whereby to remove said parallax.

3. A photogrammetric plotter as defined in claim 2
wherein said two degrees of freedom of translational
movement of said photo-carriers are in a plane parallel
to the datum plane.

4. A photogrammetric plotter as defined in claim 1,
wherein said photo-supporting surfaces are planar, said
planar surfaces being mutually parallel and also parallel
to the datum plane.
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5. A photogrammetric plotter comprising: a base; a
main carriage mounted on said base so as to be mov-
able relatively to said base in a plane in two directions
mutually at right angles, said plane defining a datum
plane; first and second photo-carriers each mounted on
said main carriage so as to be movable in a plane in
two directions mutually at right angles, such two di-
rections being parallel to the directions of movement
of the main carriage, each photo-carrier defining a planar
photo-supporting surface, said photo-supporting surface
adapted to be rotatable in its plane and adapted to re-
ceive one of a pair of overlapping photographs; a first
operating means for controiling movements in both said
directions of the main carriage; first and second driv-
ing means for controlling respectively movements in one
and other of the said directions of the first photo-car-
rier; third and fourth driving means for controlling re-
spectively movements in one and other of the said di-
rections of the second photo-carrier; a binocular viewer
having one optical system associated with each photo-
supporting surface and a measuring mark also associ-
ciated therewith; signal generating means sensitive to
the movements of said main carriage; an electronic com-
puter having an input and an output, said input being
connected to receive signals from said signal generating
means; second signal generating means connected to said
computer input for imparting thereto a signal corre-
sponding to a parallax observed between said measuring
marks and an image feature when viewing overlapping
photographs on each of said photo-supporting surface:
through the binocular viewer, said computer generating
output signals in accordance with said input signals and.
predetermined settings corresponding to known photo
characteristics; means for applying said output signals to:
said first, second, third and fourth driving means whereby
to remove said parallax; and said second signal gen-
erating means being adapted to provide an indication
determined by the height of a point represented by said
image feature.

6. A method of photogrammetric plotting comprising
mounting a pair of overlapping photographs on a pair
of photo-carriers, viewing said photographs simultane-
ously to observe the parallax between the two repre-
sentations of a single image feature in relation to meas-
uring mark means, moving the two photo-carriers as a
unit relatively to the measuring mark means, detecting
two coordinates of such movement, and generating sig-
nals corresponding thereto, feeding said signals to the
input of an electronic computer, applying settings to
the computer corresponding to known photo character-
istics, feeding further signals determined by said ob-
served parallax to said computer, calculating in said com-
puter a group of output signals for each said photo-car-
rier, and moving said photo-carriers relatively to one
another and to said measuring mark means in accord-
ance with said output signals, said signals being of such
nature as to effect relative movements of said photo-
carriers such as to bring each representation of said im-
age feature into coincidence with said measuring mark
mearns,

7. A photogrammetric plotter as defined in claim 1
wherein said known photo characteristics comprise shifts
of the image feature on at least one of said overlapping
photographs from true central projection due to tilt of
the photographing camera of said one photograph and
said computer comprises third means for generating sig-
nals dependent upon predetermined settings correspond-
ing to said tilt and means for influencing the signal im-
parted to said computer by said second signal generat-
ing means, in accordance with signals from the third
signal generating means.

8. A photogrammetric plotter as defined in claim 7
wherein said computer comprises means for providing
signals dependent upon the distance of said image fea-
ture from a chosen point on each of said over-lapping
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