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1.  Solution of Scheme 3 by the Laplace transform method.

The set of differential equations describing Scheme 3 are

x' t( ) + k1 + k3( )x t( ) − k2y t( ) = 0

y' t( ) + k2 + k4( )y t( ) − k1x t( ) = 0

px' t( ) − k3x t( ) = 0

py' t( ) − k4y t( ) = 0

Taking Laplace transforms of both sides of each equation and using the initial conditions at
time zero X[ ]0 = a , Y[ ]0 = b, PX[ ]0 = 0, and PY[ ]0 = 0 results in

s + k1 + k3 −k2 0 0

−k1 s + k2 + k4 0 0

−k3 0 s 0

0 −k4 0 s
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The determinant of the left-hand matrix is

D = s+ k1 + k3( ) s+ k2 + k4( )s2 − k2k1s2 = s2 s +γ1( ) s+ γ 2( )

where γ1 +γ 2 = k1 + k2 + k3 + k4 and γ1γ 2 = k1k4 + k2k3 + k3k4 .

Solving the matrix equation yields

x s( ) =
1

D

a −k2 0 0

b s+ k2 + k4 0 0

0 0 s 0

0 −k4 0 s

=
a s+ k2 + k4( ) + bk2

s +γ 1( ) s+ γ 2( )
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y s( ) =
1

D

s+ k1+ k3 a 0 0

−k1 b 0 0

−k3 0 s 0

0 0 0 s

=
b s+ k1 + k3( ) + ak1

s+γ 1( ) s +γ 2( )

px s( ) =
1

D

s+ k1 + k3 −k2 a 0

−k1 s+ k2 + k4 b 0

−k3 0 0 0

0 −k4 0 s

=
ak3 s+ k2 + k4( ) + bk2k3

s s+ γ1( ) s +γ 2( )

py s( ) =
1

D

s+ k1 + k3 −k2 0 a

−k1 s+ k2 + k4 0 b

−k3 0 s 0

0 −k4 0 0

=
bk4 s + k1 + k3( ) + ak1k4

s s+ γ1( ) s+ γ 2( )

From tables of inverse Laplace transforms the time dependent product concentration
functions are given by

PX[ ] t( ) =
bk2k3 + ak3 k2 + k4( )

γ1γ 2
−

bk2k3 + ak3 k2 + k4 − γ1( )
γ1 γ 2 −γ 1( )

 
 
 

 
 
 

exp −γ1t( )

+
bk2k3 + ak3 k2 + k4 − γ 2( )

γ 2 γ 2 −γ 1( )
 
 
 

 
 
 

exp −γ 2t( )

PY[ ] t( ) =
ak1k4 + bk4 k1 + k3( )

γ 1γ 2
−

ak1k4 + bk4 k1+ k3 −γ 1( )
γ1 γ 2 −γ 1( )

 
 
 

 
 
 

exp −γ1t( )

+
ak1k4 + bk4 k1+ k3 −γ 2( )

γ 2 γ 2 − γ1( )
 
 
 

 
 
 

exp −γ 2t( )

The final product ratio at infinite time is then given by

PX[ ]∞
PY[ ]∞

=
k3

k4

 
 
  

 
 bk2 + a k2 + k4( )

ak1 + b k1 + k3( )

which is identical to eq. [1].
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2.  Solution of kinetic schemes in reference 11 by the digraph method using
path divergent trees

Scheme S1

k3*

k3 k4

k4*

PX*

PX PY

PY*

k2

k1

YX

Path divergent trees:

Y
b

PY

PY*

Y

PX

PX*

Xk2
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k3*

k3
k4

k4*

k2

k3

k3*

k1 Y

PY*

PY

X

PX*

PX

a
X

For target PX:

a
k3

k3 + k3
* + k1

 

 
  

 
 + b

k2

k2 + k4
* + k4

 

 
  

 
 k3

k3 + k3
* + k1

 

 
  

 
 =

k3

k3 + k3
* + k1

 

 
  

 
 a + b

k2

k2 + k4
* + k4

 

 
  

 
 

 

 
 

 

 
 

For target PX*:

a
k3

*

k1 + k3 + k3
*

 

 
  

 
 + b

k2

k2 + k4 + k4
*

 

 
  

 
 k3

*

k1 + k3 + k3
*

 

 
  

 
 =

k3
*

k1 + k3 + k3
*

 

 
  

 
 a + b

k2

k2 + k4 + k4
*

 

 
  

 
 

 

 
 

 

 
 

For target PY:

b
k4

k4 + k4
* + k2

 

 
  

 
 + a

k1
k1 + k3

* + k3

 

 
  

 
 k4

k4 + k4
* + k2

 

 
  

 
 =

k4

k4 + k4
* + k2

 

 
  

 
 b + a

k1
k1 + k3

* + k3

 

 
  

 
 

 

 
 

 

 
 

For target PY*:
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b
k4
*

k2 + k4 + k4
*

 

 
  

 
 + a

k1
k1 + k3 + k3

*
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 
  

 
 k4

*

k2 + k4 + k4
*
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 
  

 
 =

k4
*

k2 + k4 + k4
*

 

 
  

 
 b + a

k1
k1 + k3 + k3

*

 

 
  

 
 

 

 
 

 

 
 

PX[ ]∞
PY[ ]∞

=
k3

k4

 
 
  

 
 

a + b( )k2 + a k4 + k4
*( )

a+ b( )k1 + b k3 + k3
*( )

 

 
 

 

 
         

PX
*[ ]∞

PY
*[ ]∞

=
k3

*

k4
*

 

 
  

 
 

a+ b( )k2 + a k4 + k4
*( )

a+ b( )k1 + b k3 + k3
*( )
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*[ ]∞
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*
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PY[ ]∞
PY
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Scheme S2
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X Y
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PYPX
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Path divergent trees:

X
a
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PX

X

PX

PY

Yk1

k3

ka

k2

k4

kb ka

k3

k1

kb

k4

k2 X

PX

PY

Y

PY

PX

b
Y

For target PX:

a
k3

k1 + k3 + ka

 
 
  

 
 + a

k3

k1 + k3 + ka

 
 
  

 
 kb

k2 + k4 + kb

 
 
  

 
 + b

kb

k2 + k4 + kb

 
 
  

 
 + b

kb

k2 + k4 + kb

 
 
  

 
 k3

k1 + k3 + ka

 
 
  

 
 

= a
k3

k1+ k3 + ka

 
 
  

 
 1+

kb

k2 + k4 + kb

 
 
  

 
 

 

  
 

  + b
kb

k2 + k4 + kb

 
 
  

 
 1+

k3

k1 + k3 + ka

 
 
  

 
 

 

  
 

  

For target PY:
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a
ka

k1 + k3 + ka

 
 
  

 
 + a

ka

k1 + k3 + ka

 
 
  

 
 k4

k2 + k4 + kb

 
 
  

 
 + b

k4

k2 + k4 + kb

 
 
  

 
 + b

k4

k2 + k4 + kb

 
 
  

 
 ka

k1 + k3 + ka

 
 
  

 
 

= a
ka

k1+ k3 + ka

 
 
  

 
 1+

ka

k2 + k4 + kb

 
 
  

 
 

 

  
 

  + b
k4

k2 + k4 + kb

 
 
  

 
 1+

ka

k1 + k3 + ka

 
 
  

 
 

 

  
 

  

PX[ ]∞
PY[ ]∞

=
a + b( ) k1kb + k2k3 + k3kb( ) + bkakb + ak3k4

a+ b( ) k2ka + k1k4 + k4ka( ) + akakb + bk3k4

Scheme S3
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Path divergent trees:
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PY
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For target PX:
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a
k3

k1 + k3 + ka

 
 
  

 
 1+

kc

kc + kd
1+

kb

k2 + k4 + kb

 
 
  

 
 

 

  
 

  

+b
kb

k2 + k4 + kb

 
 
  

 
 kc

kc + kd

 
 
  

 
 +

k2

k2 + k4 + kb

 
 
  

 
 k3

k1 + k3 + ka

 
 
  

 
 +

ka

k1 + k3 + ka

 
 
  

 
 kc

kc + kd

 
 
  

 
 

 

  
 

  
 

 
 

 

 
 

For target PY:

b
k4

k2 + k4 + kb

 
 
  

 
 1+

kd

kc + kd
1+

ka

k1 + k3 + ka

 
 
  

 
 

 

  
 

  

+a
ka

k1 + k3 + ka

 
 
  

 
 kd

kc + kd

 
 
  

 
 +

k1

k1 + k3 + ka

k4

k2 + k4 + kb

 
 
  

 
 +

kb

k2 + k4 + kb

 
 
  

 
 kd

kc + kd

 
 
  

 
 

 

  
 

  
 

 
 

 

 
 

PX[ ]∞
PY[ ]∞

=
kc + kd( )ε1 + kcφ
kc + kd( )ε2 + kdφ

where

ε1 = k2k3 a+ b( ) + ak3 k4 + kb( )
ε2 = k1k4 a+ b( ) + bk4 k3 + ka( )
φ = a + b( ) k1kb + k2ka + kakb( ) + bk3kb + ak4ka

Scheme S4

kY

kX

k1 k2

k4

k3

A

PY

PX

Y

X

Path divergent trees:
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k1

k4

k2

PY

X

Y

PX

k3

Y
k1

k3
PXk2

X

PY

k4

kY

kX

Y

X

a

A

For target PX:

a
kX

kX + kY

 
 
  

 
 k3

k1 + k3

 
 
  

 
 + a

kY

kX + kY

 
 
  

 
 k2

k2 + k4

 
 
  

 
 k3

k1 + k3

 
 
  

 
 = a

k3

k1 + k3

 
 
  

 
 1

kX + kY

 
 
  

 
 kX +

k2kY

k2 + k4

 
 
  

 
  

  
 

  

For target PY:

a
kY

kX + kY

 
 
  

 
 k4

k2 + k4

 
 
  

 
 + a

kX

kX + kY

 
 
  

 
 k1

k1 + k3

 
 
  

 
 k4

k2 + k4

 
 
  

 
 = a

k4

k2 + k4

 
 
  

 
 1

kX + kY

 
 
  

 
 kY +

k1kX

k1 + k3

 
 
  

 
 

 

  
 

  

PX[ ]∞
PY[ ]∞

=
k3

k4

 
 
  

 
 kX k2 + k4( ) + k2kY

kY k1 + k3( ) + k1kX

Scheme S5

B

X

Y

PX

PY

A
k3

k4

k2k1

kX

kY



8

Path divergent trees:

B
b

PY

Y

PX

X

Y
kY

k4

k2

k1

k3
k4

k2

k1

k3

kX
X

Y

PY

X

PX

a
A

For target PX:

akX
k3

k1 + k3

 
 
  

 
 + bkY

k2

k2 + k4

 
 
  

 
 k3

k1 + k3

 
 
  

 
 =

k3

k1 + k3

 
 
  

 
 akX + bkY

k2

k2 + k4

 
 
  

 
  

  
 

  

For target PY:

bkY
k4

k2 + k4

 
 
  

 
 + akX

k1
k1+ k3

 
 
  

 
 k4

k2 + k4

 
 
  

 
 =

k4

k2 + k4

 
 
  

 
 bkY + akX

k1

k1 + k3

 
 
  

 
 

 

  
 

  

PX[ ]∞
PY[ ]∞

=
k3

k4

 
 
  

 
 akX k2 + k4( ) + bkYk2

bkY k1 + k3( ) + akXk1

Scheme S6

kX

k-X
k-Y

kY

A

k3 k4

PYPX

k2

k1
YX

Path divergent trees:
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Y

b

PY

k4

k2

A

X

Y

PX

Y

X
- kX

kYk-X

k3

k1

Y
kY

A

kX

Y

PX

A
k-X

k3

k1

X
k-Y

k-X

Y

k2

k4

k-Y

A

PY

X

kY

A

kX
X

k2

k4

k-Y kX

- kY

Y

X

PY

X

Y

A

k1

k3
PX

a

X

For target PX:

a
k3

k1 + k3 + k−X

 
 
  

 
 + b

k2

k2 + k4 + k−Y

 
 
  

 
 k3

k1+ k3 + k− X

 
 
  

 
 + b

k−Y

k2 + k4 + k−Y

 
 
  

 
 kX

kX + kY

 
 
  

 
 k3

k1 + k3 + k−X

 
 
  

 
 

=
k3

k1 + k3 + k− X

 
 
  

 
 a+ b

k2

k2 + k4 + k−Y

 
 
  

 
 +

k−Y

k2 + k4 + k−Y

 
 
  

 
 kX

kX + kY

 
 
  

 
 

 

 
  

 
 

 

 
 

 

 
 

= k3
k1 + k3 + k− X

 
 
  

 
 a+ b

k2 + k4 + k−Y
k2 + kXk−Y

kX + kY

 
 
  

 
  

  
 

  

For target PY:
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b
k4

k2 + k4 + k−Y

 
 
  

 
 + a

k1
k1 + k3 + k− X

 
 
  

 
 k4

k2 + k4 + k−Y

 
 
  

 
 + a

k− X

k1 + k3 + k− X

 
 
  

 
 kY

kX + kY

 
 
  

 
 k4

k2 + k4 + k−Y

 
 
  

 
 

=
k4

k2 + k4 + k−Y

 
 
  

 
 b+ a

k1

k1 + k3 + k−X

 
 
  

 
 +

k− X

k1 + k3 + k− X

 
 
  

 
 kY

kX + kY

 
 
  

 
 

 

 
  

 
 

 

 
 

 

 
 

= k4

k2 + k4 + k−Y

 
 
  

 
 b+ a

k1 + k3 + k−X
k1+ kYk− X

kX + kY

 
 
  

 
  

  
 

  

PX[ ]∞
PY[ ]∞

=
k3

k4

 
 
  

 
 a+ b( ) k2 kX + kY( ) + kXk−Y[ ] + ak4 kX + kY( ) + akYk−Y

a + b( ) k1 kX + kY( ) + kYk− X[ ]+ bk3 kX + kY( ) + bkXk− X

3.  Solution of kinetic schemes in reference 11 by the modified Chou
digraph method.

Scheme S1

k3*

k3 k4

k4*

PX*

PX PY

PY*

k2

k1

YX

Digraph:

k1 + k3 + k3* k2 + k4 + k4*

- k2
- k3 - k4

- k3* - k4*

- k1

PX* PY*

PX PY

YX ..
Subgraphs:
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. .X Y

PX

- k3

- k2

. .X Y

PX

- k3

k2 + k4 + k4*

PX[ ]∞ → a −1( )3+1+1 −k3( ) k2 + k4 + k4
*( ) + b −1( )3+ 0+1k2k3 = k3 a k2 + k4 + k4

*( ) + bk2{ }

PX*
- k3*- k3*

PX* . .X Y- k2. .X Y k2 + k4 + k4*

PX
*[ ]∞

→ a −1( )3+1+1 −k3
*( ) k2 + k4 + k4

*( ) + b −1( )3+ 0+1k2k3
* = k3

* a k2 + k4 + k4
*( ) + bk2{ }

- k4

- k1

PY

YX ..k1 + k3 + k3*

- k4

PY

YX ..

PY[ ]∞ → b −1( )3+1+1 −k4( ) k1 + k3 + k3
*( ) + a −1( )3+0+1k1k4 = k4 b k1 + k3 + k3

*( ) + ak1{ }

- k4*
PY*

- k4*
PY*

- k1 YX ..k1 + k3 + k3* YX ..
PY

*[ ]∞
→ b −1( )3+1+1 −k4

*( ) k1 + k3 + k3
*( ) + a −1( )3+0+1k1k4

* = k4
* b k1 + k3 + k3

*( ) + ak1{ }
PX[ ]∞
PY[ ]∞

=
k3

k4

 
 
  

 
 

a + b( )k2 + a k4 + k4
*( )

a+ b( )k1 + b k3 + k3
*( )

 

 
 

 

 
         

PX
*[ ]∞

PY
*[ ]∞

=
k3

*

k4
*

 

 
  

 
 

a+ b( )k2 + a k4 + k4
*( )

a+ b( )k1 + b k3 + k3
*( )

 

 
 

 

 
 

PX[ ]∞
PX

*[ ]∞

=
k3

k3
*

 

 
 

 

 
 

PY[ ]∞
PY

*[ ]∞

=
k4

k4
*

 

 
 

 

 
 
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Scheme S2

kb ka

X Y

k1

k2

PYPX

k4k3

Digraph:

k1 + ka + k3 k2 + kb + k4

- k1

- k2

- kb - ka

- k3 - k4

YX. .
PX PY

Subgraphs:

- kb

- k1
YX. .

PXPX

..X Y

- k3

k2 + kb + k4

PX

..X Y- k2

- k3

YX. .
PX

- kb

k1 + ka + k3
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PX[ ]∞ → a −1( )3+1+1 −k3( ) k2 + k4 + kb( ) + a −1( )3+ 0+1k1kb + b −1( )3+0+1k2k3

+b −1( )3+1+1 −kb( ) k1 + k3 + ka( )
= a k3 k2 + k4 + kb( ) + k1kb[ ] + b k2k3 + kb k1 + k3 + ka( )[ ]
= a+ b( ) k1kb + k2k3 + k3kb( ) + bkakb + ak3k4

- ka

- k2

PY

..X Y

PY

..X Y

- k4

k1 + ka + k3

k2 + kb + k4

- k4

YX. .
PY

- k1

PY

..X Y

- ka

PY[ ]∞ → b −1( )3+1+1 −k4( ) k1 + k3 + ka( ) + b −1( )3+ 0+1k2ka + a −1( )3+ 0+1k1k4

+a −1( )3+1+1 −ka( ) k2 + k4 + kb( )
= b k4 k1+ k3 + ka( ) + k2ka[ ]+ a k1k4 + ka k2 + k4 + kb( )[ ]
= a+ b( ) k2ka + k1k4 + k4ka( ) + akakb + bk3k4

PX[ ]∞
PY[ ]∞

=
a + b( ) k1kb + k2k3 + k3kb( ) + bkakb + ak3k4

a+ b( ) k2ka + k1k4 + k4ka( ) + akakb + bk3k4

Scheme S3
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k3 k4

PX PY

k2

k1

YX

ka kb

I
kc kd

Digraph:

- k3 - k4

PX PY

- k2

- k1

YX

- ka - kb

I

- kc - kd

k2 + kb + k4k1 + ka + k3

kc + kd

Subgraphs:

k2 + kb + k4

- kc

I

- ka

X Y

PX

.
.- k3

PX

YX

I

k2 + kb + k4

kc + kd

.
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PX

- k1 YX

- kb

I

- kc

- k3

PX

- k2

YX

I kc + kd

.

I

Y

PX

- kb- kc

X k1 + ka + k3

-ka

- k2

X

- kc

PX

Y

I

PX[ ]∞ → a −1( )4+2+1 −k3( ) kc + kd( ) k2 + k4 + kb( ) + a −1( )4+1+1kakc k2 + k4 + kb( ) + a −1( )4+ 0+1 −k1kbkc( )
+b −1( )4+1+1k2k3 kc + kd( ) + b −1( )4+1+1kbkc k1+ k3 + ka( ) + b −1( )4+0+1 −k2kakc( )
= a k2 + k4 + kb( ) k3 kc + kd( ) + kakc( ) + ak1kbkc + b k2k3 kc + kd( ) + kbkc k1 + k3 + ka( ) + k2kakc( )
= a+ b( ) k2k3 kc + kd( ) + kbkc k1+ k3 + ka( ) + k2kakc( ) + a k3k4 kc + kd( ) + k4kakc + k3kbkd( )

- k4

PY

YX

I

k1 + ka + k3

kc + kd

.
. . k1 + ka + k3

I

X Y

PY- kd

- kb
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- kd

I

- ka

X Y

- k2

PY

- k4

PY

- k1X

Ikc + kd

.
Y

.k2 + kb + k4

- kd

I

- ka

X Y

PY PY

YX

I

- kd

- k1

- kb

PY[ ]∞ → b −1( )4+2+1 −k4( ) kc + kd( ) k1 + k3 + ka( ) + b −1( )4+1+1kbkd k1 + k3 + ka( ) + b −1( )4+0+1 −k2kakd( )
+a −1( )4+1+1k1k4 kc + kd( ) + a −1( )4+1+1kakd k2 + k4 + kb( ) + a −1( )4+0+1 −k1kbkd( )
= b k1 + k3 + ka( ) k4 kc + kd( ) + kbkd( ) + bk2kakd + a k1k4 kc + kd( ) + kakd k2 + k4 + kb( ) + k1kbkd( )
= a+ b( ) k1k4 kc + kd( ) + kakd k2 + k4 + kb( ) + k1kbkd( ) + b k3k4 kc + kd( ) + k3kbkd + k4kakc( )

PX[ ]∞
PY[ ]∞

=
kc + kd( )ε1 + kcφ
kc + kd( )ε2 + kdφ

where

ε1 = k2k3 a+ b( ) + ak3 k4 + kb( )
ε2 = k1k4 a+ b( ) + bk4 k3 + ka( )
φ = a + b( ) k1kb + k2ka + kakb( ) + bk3kb + ak4ka

Scheme S4
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kY

kX

k1 k2

k4

k3

A

PY

PX

Y

X

Digraph:

- k2A

k4 + k1

k3 + k2

.

.
- kY

- kX

- k1

- k4

- k3

PY

PX

Y

X

kX + kY

Subgraphs:

X

Y

PX

- k3

- k2

- kY

.

.A

X

Y

PX

- k3
- kX .

.
k4 + k2

A

PX[ ]∞ → a −1( )4+1+1k3kX k2 + k4( ) + a −1( )4+0+1 −k2k3kY( ) = ak3 kX k2 + k4( ) + k2kY[ ]

A

k3 + k1

.

.
- kY

- k4

PY
Y

X

A .
.- kX

- k1

- k4

PY
Y

X

PX[ ]∞ → a −1( )4+1+1k4kY k1 + k3( ) + a −1( )4+0+1 −k1k4kX( ) = ak4 kY k1 + k3( ) + k1kX[ ]
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PX[ ]∞
PY[ ]∞

=
k3

k4

 
 
  

 
 kX k2 + k4( ) + k2kY

kY k1 + k3( ) + k1kX

Scheme S5

B

X

Y

PX

PY

A
k3

k4

k2k1

kX

kY

Digraph:

B

X

Y

PX

PY

A
- k3

- k4

- k1- k2

- kX

- kY

.

.
k3 + k2

k4 + k1

Subgraphs:

- k2.
.

- kY

- k3

PX

Y

X

B
k4 + k2

.

.- kX - k3
A PX

Y

X

PX[ ]∞ → a −1( )4+1+1k3kX k2 + k4( ) + b −1( )4+0+1 −k2k3kY( ) = k3 akX k2 + k4( ) + bk2kY{ }
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.

.- kX

- k1

- k4

A

PY
Y

Xk3 + k1

.

.
- kY - k4

PY
Y

X

B

PX[ ]∞ → b −1( )4+1+1k4kY k1 + k3( ) + a −1( )4+0+1 −k1k4kX( ) = k4 bkY k1+ k3( ) + ak1kX{ }
PX[ ]∞
PY[ ]∞

=
k3

k4

 
 
  

 
 akX k2 + k4( ) + bkYk2

bkY k1 + k3( ) + akXk1

Scheme S6

kX

k-X
k-Y

kY

A

k3 k4

PYPX

k2

k1
YX

Digraph:

k3 + k1 + k-X k4 + k2 + k-Y

kX + kY

A

. .
.

X Y
- k1

- k2

PX PY

- k4- k3

- kY

- k-Y

- k-X

- kX

Subgraphs:
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- k-Y

- kY

- k3

PX

YX

.
..

A

- k3

PX

YX

.
..

A

kX + kY

k4 + k2 + k-Y

- kX - k-Y

A

. .
.

X Y

PX

- k3
- k3

PX

- k2
YX

.
..

A kX + kY

PX[ ]∞ → a −1( )4+2+1 −k3( ) kX + kY( ) k2 + k4 + k−Y( ) + a −1( )4+1+1 −k3kYk−Y( )
+b −1( )4+1+1k2k3 kX + kY( ) + b −1( )4+0+1 −k3kXk−Y( )
= k3 a kX + kY( ) k2 + k4 + k−Y( ) + kYk−Y[ ] + b k2 kX + kY( ) + kXk−Y[ ]{ }
= k3 a+ b( ) k2 kX + kY( ) + kXk−Y[ ] + ak4 kX + kY( ) + akYk−Y{ }
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- k4

PY

YX

.
..

A kX + kY

k3 + k1 + k-X

A

. .
.

X Y

PY

- k4

- k-X

- kX

- kY- k-X

- k4

PY

YX

.
..

A
kX + kYA

. .
.

X Y
- k1

PY

- k4

PY[ ]∞ → b −1( )4+2+1 −k4( ) kX + kY( ) k1 + k3 + k−X( ) + b −1( )4+1+1 −k4kXk− X( )
+a −1( )4+1+1k1k4 kX + kY( ) + a −1( )4+0+1 −k4kYk− X( )
= k4 b kX + kY( ) k1+ k3 + k− X( ) + kXk− X[ ] + a k1 kX + kY( ) + kYk− X[ ]{ }
= k4 a + b( ) k1 kX + kY( ) + kYk−X[ ] + bk3 kX + kY( ) + bkXk−X{ }

PX[ ]∞
PY[ ]∞

=
k3

k4

 
 
  

 
 a+ b( ) k2 kX + kY( ) + kXk−Y[ ] + ak4 kX + kY( ) + akYk−Y

a + b( ) k1 kX + kY( ) + kYk− X[ ]+ bk3 kX + kY( ) + bkXk− X

4.  Solution of Scheme 6 by the modified Chou digraph method.

Digraph:
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k2 + k3 + kb

k1 + ka k4 + kc

- ka - kb
- kc- k2 - k4

- k3- k1

CBA

PCPBPA

. . .

Subgraphs:  target is PA

Contribution from A

...
PA

A B C

- ka

k4 + kck2 + k3 + kb

- ka

CBA

PA

. . .- k3

- k4

a −1( )4+ 2+1 −ka( ) k2 + k3 + kb( ) k4 + kc( ) + −1( )4+1+1 −kak3k4( ){ }
= aka k2 + k3 + kb( ) k4 + kc( ) − k3k4{ }
= aka k2 + kb( ) k4 + kc( ) + k3kc{ }
Contribution from B

k4 + kc

- ka

- k2

CBA

PA

. . .

b −1( )4+1+1kak2 k4 + kc( ){ } = bkak2 k4 + kc( )

Contribution from C
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- ka

- k2 - k4

CBA

PA

. . .

c −1( )4+0+1 −kak2k4( ){ } = ckak2k4

Overall contribution to PA from A, B, and C is found by summing above individual
contributions:

PA[ ]∞ → ka a k2 + ka( ) k4 + kc( ) + k3kc[ ] + bk2 k4 + kc( ) + ck2k4{ }
Target product is PC:

Overall contribution to PC is found using transposition of variables:

a ⇔ c

ka ⇔ kc

k1 ⇔ k4

k2 ⇔ k3

PC[ ]∞ → kc c k1 + ka( ) k3 + kc( ) + k2ka[ ] + bk3 k1 + ka( ) + ak1k3{ }
Subgraphs:  target is PB

Contribution from A

- kb

- k1
A

PB

B
k4 + kc

C
.

a −1( )4+1+1 kbk1( ) kc + k4( ){ } = akbk1 kc + k4( )

Contribution from B
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k1 + ka . .
C

k4 + kc

B

PB

A
- kb

b −1( )4+2+1 −kb( ) ka + k1( ) kc + k4( ){ } = bkb ka + k1( ) kc + k4( )

Contribution from C

- k4k1 + ka

A
. .

C

B

PB

- kb

c −1( )4+1+1 kbk4( ) ka + k1( ){ } = ckbk4 ka + k1( )

Overall contribution to PB from A, B, and C is found by summing above individual
contributions:

PB[ ]∞ → kb ak1 k4 + kc( ) + b k4 + kc( ) k1 + ka( ) + ck4 k1 + ka( ){ }x

5.  Solution of Scheme 7 by the modified Chou digraph method.

Digraph:
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..

.A

B C

PA

PB PC- kc

ka

- kb

- k4

- k3

- k6

- k5

- k2

- k1

Subgraphs:  target is PA

Contributions from A

k2 + k3 + kb k4 + k5 + kcCB ..
- kA

PA

A

- k4

- k3

A

PA

- kA

. .
B C

a −1( )4+ 2+1 −ka( ) k2 + k3 + kb( ) k4 + k5 + kc( ) + −1( )4+1+1 −kak3k4( ){ }
= aka k2 + k3 + kb( ) k4 + k5 + kc( ) − k3k4{ }
= aka k2 + kb( ) k4 + k5 + kc( ) + k3 k5 + kc( ){ }
Contributions from B
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- k3

- k5

A

PA

- kA

. .
B C

- k2

k4 + k5 + kc

CB

..
- kA

PA

A

b −1( )4+ 0+1 −kak3k5( ) + −1( )4+1+1kak2 k4 + k5 + kc( ){ }
= bka k2 k4 + k5 + kc( ) + k3k5{ }
Contributions from C

- k2

- k4

CB

..
- kA

PA

A

- k5

A

PA

- kA

. .B Ck2 + k3 + kb

c −1( )4+0+1 −kak2k4( ) + −1( )4+1+1kak5 k2 + k3 + kb( ){ }
= cka k5 k2 + k3 + kb( ) + k2k4{ }
Overall contribution to PA from A, B, and C is found by summing above individual
contributions:

PA[ ]∞ → ka a k2 + kb( ) k4 + k5 + kc( ) + k3 k5 + kc( )[ ]{
+b k2 k4 + k5 + kc( ) + k3k5[ ] + c k5 k2 + k3 + kb( ) + k2k4[ ]}
Contributions to PB from A, B, and C and to PC from A, B, and C are found in a similar
fashion.

6.  Subgraphs of digraph in Fig. 10.
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Target product is P1:

Contribution from A

P1

I4

I1A
- k1 [ArNH2]

- k9[HX*]

- k11 [QH]

. . .
.

I3 I2 B

I5

k12 [QH]

k8 [ArNH2]

k6 + k7 + k10[HX*]k4 + k5

A[ ]0 −1( )8+4+1 −k1k8k9k11k12( ) ArNH2[ ]2 HX*[ ] QH[ ]2 k4 + k5( ) k6 + k7 + k10 HX*[ ]( )
= A[ ]0k1k8k9k11k12 k4 + k5( ) k6 + k7 + k10 HX*[ ]( ) ArNH2[ ]2 HX*[ ] QH[ ]2

- k6

- k5 k8 [ArNH2]

k12 [QH]

I5

BI2I3 .
...

- k11 [QH]

- k9[HX*]

- k1 [ArNH2]
A I1

I4

P1

A[ ]0 −1( )8+3+1 −k1k5k6k8k9k11k12( ) ArNH2[ ]2 HX*[ ] QH[ ]2

= − A[ ]0k1k5k6k8k9k11k12 ArNH2[ ]2 HX*[ ] QH[ ]2
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- k8 [ArNH2]

- k7

k4 + k5

k12 [QH]

I5

BI2I3 .
...

- k11 [QH]

- k9[HX*]

- k1 [ArNH2]
A I1

I4

P1

A[ ]0 −1( )8+3+1 −k1k7k8k9k11k12( ) k4 + k5( ) ArNH2[ ]2 HX*[ ] QH[ ]2

= − A[ ]0k1k7k8k9k11k12 k4 + k5( ) ArNH2[ ]2 HX*[ ] QH[ ]2

Overall contribution to P1 from A is found by summing above individual contributions:

A[ ]0k1k8k9k11k12 k4k6 + k10 HX*[ ] k4 + k5( )( )
Contribution from B

A.k1 [ArNH2]

- k11 [QH]

- k9 [HX*]
- k4 - k6

- k8 [ArNH2]

k12 [QH]

I5.
I2 BI2I3

I4

P1

B[ ]0 −1( )7+1+1 −k1k4k6k8k9k11k12( ) ArNH2[ ]2 QH[ ]2 HX*[ ]
= B[ ]0k1k4k6k8k9k11k12 ArNH2[ ]2 QH[ ]2 HX*[ ]
Overall contribution to P1:

P1[ ]∞ → k1k8k9k11k12 ArNH2[ ]2 QH[ ]2 HX*[ ] A[ ]0 k4k6 + k10 HX*[ ] k4 + k5( )( ) + B[ ]0k4k6{ }
Target product is P2:

Overall contribution to P2 is found using transposition of variables:
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A[ ]0 ⇔ B[ ]0
k1 ArNH2[ ] ⇔ k8 ArNH2[ ]
k2 ⇔ k7

k3 ⇔ k6

k4 ⇔ k5

k9 HX*[ ] ⇔ k10 HX*[ ]
k11 QH[ ] ⇔ k12 QH[ ]

P2[ ]∞ → k1k8k10k11k12 ArNH2[ ]2 QH[ ]2 HX*[ ] B[ ]0 k3k5 + k9 HX*[ ] k4 + k5( )( ) + A[ ]0k3k5{ }
Dividing the contributions to P1 and P2 leads to eq. [30] for the final product ratio.

7.  Subgraphs of digraph in Fig. 12.

Target product is P1:

Contribution from E

k3'

k4 + k6 + k9 + k14'

k8'+k11 k10'+k12

k16'I6

I4I3

ZI2

...
..

- k15'

- k13'

- k1'

P1

I5

I1E

E[ ]0 −1( )9+5+1 −k1' k3' k13' k15' k16'( ) k4 + k6 + k9 + k14'( ) k8' +k11( ) k10' +k12( )
= E[ ]0k1' k3' k13' k15' k16' k4 + k6 + k9 + k14'( ) k8' +k11( ) k10' +k12( )
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- k3'

- k4

E I1

I5

P1

- k1'

- k13'

- k15'

. .

. . .
I2 Z

I3 I4
I6 k16'

k10'+k12k8'+k11

E[ ]0 −1( )9+4+1 −k1' k3' k4k13' k15' k16'( ) k8' +k11( ) k10' +k12( )
= − E[ ]0k1' k3' k4k13' k15' k16' k8' +k11( ) k10' +k12( )

- k12

- k11

- k3'

k16'I6

I4I3

ZI2

...
..

- k15'

- k13'

- k1'

P1

I5

I1E

- k4

E[ ]0 −1( )9+3+1 −k1' k3' k4k11k12k13' k15' k16'( )
= E[ ]0k1' k3' k4k11k12k13' k15' k16'

- k9

- k10'
E I1

I5

P1

- k1'

- k13'

- k15'

. .

. . .
I2 Z

I3 I4
I6 k16'

k8'+k11

k3'

E[ ]0 −1( )9+4+1 −k1' k3' k9k10' k12k13' k15' k16'( ) k8' +k11( )
= − E[ ]0k1' k3' k9k10' k12k13' k15' k16' k8' +k11( )
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- k12

- k11

E I1

I5

P1

- k1'

- k13'

- k15'

. .

. . .
I2 Z

I3 I4
I6 k16'

k4 + k6 + k9 + k14'

k3'

E[ ]0 −1( )9+4+1 −k1' k3' k11k12k13' k15' k16'( ) k4 + k6 + k9 + k14'( )
= − E[ ]0k1' k3' k11k12k13' k15' k16' k4 + k6 + k9 + k14'( )

Overall contribution to P1 from E is found by summing above individual contributions:

E[ ]0k1' k3' k13' k15' k16' k6 + k14'( ) k8' k10' +k10' k11+ k8' k12( ) + k8' k9k12{ }
Contribution from Z

k1'

- k15'

- k13'
- k6 - k3'

k8' + k11 k10' + k12 k16'

I6I4I3 ...
E. ZI2I1

I5

P1

Z[ ]0 −1( )9+ 4+1k1' k3' k6k13' k15' k16' k8' +k11( ) k10' +k12( )
= Z[ ]0k1' k3' k6k13' k15' k16' k8' +k11( ) k10' +k12( )
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- k12

- k11

P1

I5

I1 I2 Z.E

. . .I3 I4 I6

k16'

- k3'- k6
- k13'

- k15'

k1'

Z[ ]0 −1( )9+3+1k1' k3' k6k11k12k13' k15' k16'

= − Z[ ]0k1' k3' k6k11k12k13' k15' k16'

- k8'

- k13'

- k15'

- k12

- k9

- k3'
k1' E

k16'I6 .
. ZI2

I4I3

I1I5

P1

Z[ ]0 −1( )9+2+1k1' k3' k8' k9k12k13' k15' k16'

= Z[ ]0k1' k3' k8' k9k12k13' k15' k16'

Overall contribution to P1 from Z is found by summing above individual contributions:

Z[ ]0k1' k3' k13' k15' k16' k6 k8' k10' +k10' k11 + k8' k12( ) + k8' k9k12{ }
Overall contribution to P1:

P1[ ]∞ → k1' k3' k13' k15' k16' E[ ]0 + Z[ ]0( )α + E[ ]0k14' β{ }
whereα = k6β + k8' k9k12 and β = k8' k10' +k10' k11 + k8' k12.

Target product is P2:

Overall contribution to P2 is found using transposition of variables:
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E[ ]0 ⇔ Z[ ]0
k1' ⇔ k3'

k2 ⇔ k4

k5 ⇔ k6

k7 ⇔ k9

k8' ⇔ k10'

k11 ⇔ k12

k13' ⇔ k14'

k15' ⇔ k16'

P2[ ]∞ → k1' k3' k14' k15' k16' E[ ]0 + Z[ ]0( )α * + Z[ ]0k13' β{ }
whereα = k5β + k7k10' k11 and β = k8' k10' +k10' k11 + k8' k12.

Dividing the contributions to P1 and P2 leads to eq. [39] for the final product ratio.

8.  Subgraphs of digraph in Fig. 14.

Target product is P1:

A

I1

I2

P1

- k1'

- k5'

- k3' . .
.I4 I3

I5

k12'

k6'+ k9k8' + k10' + k11'

A[ ]0 −1( )7+3+1 −k1' k3' k5' k12'( ) k6' +k9( ) k8' +k10' +k11'( )
= A[ ]0k1' k3' k5' k12' k6' +k9( ) k8' +k10' +k11'( )
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k12'

I5

I3I4.
..- k3'

- k5'

- k1'

P1

I2

I1

A

- k10'

- k9

A[ ]0 −1( )7+2+1 −k1' k3' k5' k9k10' k12'( )
= − A[ ]0k1' k3' k5' k9k10' k12'

A

I1

I3
I4

I2

P1

- k1'

- k4'

- k9- k8'- k5' .I5
k12'

A[ ]0 −1( )7+1+1 −k1' k4' k5' k8' k9k12'( )
= A[ ]0k1' k4' k5' k8' k9k12'

Overall contribution to P1 from A is found by summing above individual contributions:

P1[ ]∞ → A[ ]0k1' k5' k12' k3' k6' k8' +k10' +k11'( ) + k9 k3' k8' +k3' k11' +k4' k8'( ){ }

Target product is P2:

Overall contribution to P2 is found using transposition of variables:
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k3' ⇔ k4'

k5' ⇔ k6'

k7 ⇔ k9

k8' ⇔ k10'

P2[ ]∞ → A[ ]0k1' k6' k12' k4' k5' k8' +k10' +k11'( ) + k7 k4' k10' +k4' k11' +k3' k10'( ){ }

Target product is P3:

I5

.
- k9

- k4'

- k1'

I2 I4
I3

I1

A

P3

- k12'

- k11'

k5' + k7

A[ ]0 −1( )7+1+1 −k1' k4' k9k11' k12'( ) k5' +k7( )
= A[ ]0k1' k4' k9k11' k12' k5' +k7( )
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k6' + k9

- k11'

- k12'

P3

A

I1

I2
I4 I3

- k1'

- k3'

- k7

.
I5

A[ ]0 −1( )7+1+1 −k1' k3' k7k11' k12'( ) k6' +k9( )
= A[ ]0k1' k3' k7k11' k12' k6' +k9( )

Overall contribution to P3 from A is found by summing above individual contributions:

P3[ ]∞ → A[ ]0k1' k11' k12' k3' k7 k6' +k9( ) + k4' k9 k5' +k7( ){ }
Dividing the contributions to P1, P2, and P3 leads to eq. [48] for the final product ratio.


